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Abstract 

We study the problem of four-form flux quantization in F-theory compactifications. We 
prove that for smooth, elliptically fibered Calabi-Yau fourfolds with a Weierstrass represen- 
tation, the flux is always integrally quantized. This implies that any possible half-integral 
quantization effects must come from 7-branes, i.e. from singularities of the fourfold. 

We subsequently analyze the quantization rule on explicit fourfolds with Sp(N) singularities, 
and connect our findings via Sen's limit to IIB string theory. Via direct computations we find 
that the four-form is half-integrally quantized whenever the corresponding 7-brane stacks wrap 
non-spin complex surfaces, in accordance with the perturbative Freed- Witten anomaly. Our 
calculations on the fourfolds are done via toric techniques, whereas in IIB we rely on Sen's 
tachyon condensation picture to treat bound states of branes. Finally, we give general formulae 
for the curvature- and flux-induced D3 tadpoles for general fourfolds with Sp(N) singularities. 
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1 Introduction 

F-theory [T], which describes non-perturbative IIB backgrounds geometrically, can be related 
to the more physical picture of M-theory. The precise relation in terms of fiber-wise dualities 
(explained in [21 [31 S]) also tells us that both bulk three-form and 7-brane worldvolume fluxes 
are encoded in the M-theory four- form flux G4. 

The framework of local F-theory model building [51 El [71 13 [9] has brought on numerous 
important insights that were necessary from a phenomenological point of view. On the other 
hand, it has become apparent that understanding compact models is crucial to make the pic- 
ture consistent and to ensure that the desirable ingredients of the local perspective truly are 
present. For instance, admitting a 'decoupling limit' [10], or computing a non-perturbative 
superpotential a la [TT] for moduli stabilization [121 031 EH] , all require control over compact 
manifolds. Since then, many interesting compact Calabi-Yau fourfolds have been explicitly 
constructed [13 CS1 [13 dHl E] • 

Nevertheless, a systematic treatment of G4 fluxes is still elusive. One aspect that has not 
been explored, is its quantization. In his seminal work [19], Witten derived the general rule for 
flux quantization in M-theory: 

G 4 -^ G H\M U ,Z), (1) 
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where A is one half the first Pontryagin class of the eleven- dimensional spacetime. This rule 
implies that, depending on the topology of spacetime, the quantization of G4 may be shifted 
by a half-integer. If that is the case, then G 4 cannot be set to zero. 

In F-theory compactifications to four dimensions, this can have several consequences: Firstly, 
in models with intersecting 7-branes, such an obligatory half-integral flux may correspond in 
IIB to a worldvolume flux, which in turn may affect the spectrum of 4d chiral fermions. Sec- 
ondly, for smooth elliptically fibered CY fourfolds, a flux containing a A/2 component maps to 
a IIB flux that breaks 4d Poincare invariance [2UJ[2J. It is therefore crucial to gain systematic 
understanding of when this comes about. 

One expects that, in general, whenever the CY fourfold requires that the quantization of G4 
flux be shifted, this will map to some shifted worldvolume flux on a non-spin D7-brane in IIB 
string theory. However, such a statement is ill-defined since the clear distinction between IIB 
worldvolume fluxes and bulk fluxes becomes blurred in F-theory. As explained in great detail 
in [2J, mapping a G4 flux to IIB is only well defined up to monodromy effects. More precisely, 
an M-theory flux that maps to a 7-brane worldvolume will pick up a bulk (H 3 , F 3 ) piece upon 
moving said 7-brane around in its open string moduli space. Secondly, contrary to the intuitive 
belief that G4 fluxes corresponding to brane fluxes are always sharply localized around the 
discriminant locus, worldvolume fluxes on Abelian stacks can be completely delocalized once 
g s is turned on (see [2TJ for an example of such fluxes). Hence, the perturbative meaning of 
half-integrally quantized G4 flux requires more careful analysis than one might expect. 

In this paper, we first analyze flux quantization in the case of smooth fourfolds and then in 
the case with non- Abelian singularities in the C-series (i.e. Sp(N)). In order to interpret our 
results, we relate F-theory to IIB string theory via Sen's limit, and then treat all D7-branes in 
terms of D9/anti-D9 tachyon condensates by expanding upon the framework developed in [22J. 

We find that, for smooth elliptic fibrations, G4 is always integrally quantized. This implies 
that half-integral quantization effects can only come from (resolved) singularities in the CY 
fourfold. Put differently, our results show that any possible half-integrally quantized G4 fluxes 
must be localized on stacks of 7-branes. 

In order to study these effects, we construct fourfolds with C n -type singularities, on which 
we perform blow-ups explicitly with the help of the toric package in SAGE [23] . This allows us 
to compute A, and hence deduce the flux quantization rule. 

By using the tachyon condensation/K-theory picture, we compare the quantization of G4 
to the quantization of worldvolume flux on the corresponding D7-branes with Sp(N) gauge 
groups. We find that G 4 is indeed half-integrally quantized whenever the D7-branes wrap 
non-spin complex surfaces, as expected from the Freed- Witten anomaly [23] . 

This work is a first step in analyzing how the perturbative Freed- Witten anomaly generalizes 
to F-theory. Other ramifications include studying flux quantization on M5-branes, self-duality 
conditions on IIB bulk fluxes, and quantization conditions on IIA fluxes. 

This paper is organized as follows: In section [2J we introduce the issue of flux quantiza- 
tion in M-theory, thereby setting up the problem of interest. In section [3] we prove that, in 
smooth elliptic fibrations with global Eg, Weierstrass representational the flux is always inte- 
grally quantized. In section HI we analyze the perturbative IIB situation linked via Sen's limit 
to F-theory. We specifically study two possible sources for half-integral quantization in IIB 
when non-Abelian gauge groups are absent: 07-planes on non-spin complex surfaces, and 03- 
planes. We show that the former do not lead to half-integral quantization, and conjecture that 
the latter do not either. 

In section [5] we move to the case of singular CY fourfolds. We explicitly construct a fourfold 
with an Sp(l) singularity, and compute the resulting A and Euler characteristic. We then 

1 We also prove this for the cases with global £7 and Eq representations. 
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compare the results on flux quantization with the perturbative IIB counterparts by using the 
tachyon condensation picture, where D7's are treated as D9/anti-D9 pairs. We find, that 
whenever a blow-up is performed, the A and the Euler characteristic of the fourfold always 
change such that the induced D3-charge 

remains constant. We explain this physically by showing that the process of creating a singu- 
larity (and blowing it up) corresponds in IIB to the process where a single D7-brane, carrying 
the total D7-charge, decays into a non-Abelian stack plus a 'remainder' D7-brane. In section 
15.31 we show how such processes of brane recombination/separation take place in terms of the 
tachyon condensation picture. 

In the remainder of section [5j we generalize our results to fibrations over a general Kahler 
base threefold. By using the IIB tachyon condensation picture, we generalize our results to 
Sp(N) singularities, thereby giving a general formula for the curvature-induced and the flux- 
induced D3 tadpoles. Our general formulae are checked in our specific working example by 
calculations performed on SAGE for Sp(N) with N = 1, . . . , 4. We defer the details of the toric 
calculations to the appendices. 

In section [BJ we briefly summarize our results and main formulae, and conclude with an 
outlook. 



2 Setting up the problem 

The Freed- Witten anomaly has a double impact on the string background: On the one hand 
it imposes a necessary and sufficient condition to anomaly cancellation in terms of torsion 
characteristic classes. On the other hand, it gives the right quantization condition to be imposed 
on fluxes in order to actually get rid of the anomaly, once the background fulfills the former 
condition. In this paper, we address the second aspect in the context of F-theory, by exploiting 
its duality with M-theory. 

In M-theory a phenomenon similar to the global ambiguity of the string path integral 
measure arises, but now in the context of the quantum theory of membranes [TJJ]. Indeed, let 
the 11-dimensional target space of M-theory be the spin manifold M n . The property of being 
spin implies that the first Pontryagin class pi(Mn) is an even classE) in the fourth cohomology 
of Mn : Let 

X(M 11 )=p 1 (M u )/2. (3) 

Now, an M2-brane has a 3-dimensional worldvolume and M-theory is just the theory of the 
embeddings of this manifold in Mn. Such a non-linear sigma model is taken to be supersym- 
metric but, unlike the case of strings, there is no chirality for the worldvolume spinors. Hence, 
while for the closed string path integral, the ambiguity of the Pfaffian of the world-sheet Dirac 
operator cancels between left and right movers [21] , here an ambiguity does survive and can be 
shown to be related to topological properties of the target as follows. Bringing the membrane 
worldvolume along a non trivial circle C, the Pfaffian of the Dirac operator comes back to itself 
up to the sign 

(_-Q(A,M2xC) ^ ^ 

where the round brackets in the exponent just mean evaluation of the class A on the 4- 
dimensional manifold M2 x C. The only possibility to compensate for such a global anomaly in 

2 Notice that the converse of this statement is not true, because pi mod 2 = w\, which can very well be 
vanishing even though the manifold admits no spin structures (i.e. wi ^ 0). 
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order to render the partition function of the theory well-defined is to require an equal ambiguity 
for the holonomy of the C3 potential over the M2 worldvolume that also enters the path integral 
measure. This is achieved by simply requiring a suitable quantization condition for the G4 field 
strength^: 

G A -^ E # 4 (M n ,Z). (5) 

Notice, in particular, that this anomaly can always be canceled, namely there are no global 
obstructions, but a suitable quantization condition for the G-flux must be chosen to get a 
consistent quantum theory. Moreover, the fact that closed strings never have this problem for 
their path integral implies that the H-flux, which in turn is responsible for the well-definiteness 
of the holonomy of the B-field over the world-sheet, must be always an integral class in the 
third cohomology of the string target M\q. 

This quantization condition has consequences for the quantization of type IIA bulk fluxes, 
which we will not discuss here. However, it also has important consequences for the worldvolume 
flux quantization of D6-branes, as explored in [25J ESj- 

Namely, suppose Mn is a non-trivial S' 1 -fibration over M10 giving rise to a so-called Taub- 
NUT geometry. Then, the codimension 3 loci of the base on which the S 1 fiber collapses are 
interpreted as D6-branes of type IIA string theory. The shift in the quantization of the M- 
theory G 4 flux directly induces a shift a la Freed- Witten [2U [27] in the quantization condition 
of the gauge flux F on the D6-branes. This phenomenon is naturally expected to happen be- 
cause the open strings responsible for the possible half-integral quantization of F lift to closed 
M2-branes, since the S 1 is collapsing on the boundaries of the open strings (the D6-branes loci). 
Therefore the ambiguity in the path integral measure of such open strings gets directly related 
to the above mentioned one in the path integral measure of closed membranes leading to (j5J). 

The essence of this paper will be the search for the analogous effect on the gauge flux on the 
F-theory 7-branes. We will use the setting of elliptically fibered CY fourfolds for two reasons: 
They provide a relevant setting for model building; and we can put the powerful machinery of 
algebraic geometry to work for us, which will greatly simplify the computations. 

The phenomenon of half-integral quantization of G4 should signal the presence of a Freed- 
Witten anomaly on the F-theory 7-brane that is cancelled by requiring the worldvolume gauge 
field to be a connection on a "half-line bundle. The context is described by means of an Mn 
elliptically fibered over B3, and the G4, flux inducing brane-type flux as in [2]. In other words, 
a spin c bundle is supposed to arise on a 7-brane wrapping a non-spin divisor S 2 C B 3 . Hence, 
the gauge flux F cannot be set to zero because of its half-integral quantization. 

Notice, on the other hand, that the IIB bulk fluxes do not undergo such a shift in their quan- 
tization in order to preserve the well-definiteness of the path integral measure of fundamental 
strings and their S-dual Dl-branes. 

In this paper, we will focus on the A class of the F-theory internal manifold, that decides 
the right quantization condition for G4 according to §5$). Since we will consider F-theory on 
elliptically fibered Calabi-Yau fourfolds, the following simplification can be made: For a complex 
manifold X there is a nice explicit expression for its first Pontryagin class in terms of its Chern 
classes: 

Pl (X) = 4(X)-2c 2 (X). (6) 

This implies that, for a Calabi-Yau fourfold Z4, A(Z 4 ) = —02(^4). Thus, the quantization 
condition of interest for G4 becomes 

G 4 + ^6F 4 (Z 4) Z), (7) 

3 Square brackets indicating the cohomology classes are dropped, as well as factors of 2tt. 
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We will address both smooth and singular CY^s, finding a number of new results about 
the Freed- Witten anomaly cancellation of the F-theory 7-branes. A general pattern for the 
form and for the oddness or evenness of Ci{Z^) will be also conjectured on the base of several 
concrete examples that will be constructed in detail and matched with models available in the 
literature. 



3 Smooth Calabi-Yau fourfolds 

In this section, we will study in detail the second Chern class of a general, smooth, elliptically 
fibered Calabi-Yau fourfold Z 4 , admitting a global Weierstrass representation. We will focus 
on Weierstrass models with E% fibrations, due to their connection with IIB string theory. How- 
ever, our analysis can be repeated for E e and E7 fibrations, whose weak coupling limits were 
constructed in [28], yielding the same conclusion. The strategy for deciding whether it is even 
or odd is to reduce the problem to a much easier one formulated on the base B 3 of the elliptic 
fibration, by using its Weierstrass form. 

The result of this section will be that the second Chern class of such Calabi- Yau manifolds 
is always even. The physical consequences of this fact will be spelt out. 

Smooth elliptically fibered Calabi-Yau fourfolds can be constructed in practice (even if 
sometimes it could be not sufficient) by taking for instance the base B 3 to be an almost Fano 
threefold, i.e. its anti-canonical bundle is nef and 'big'. Roughly, this means that the base 
has positive semi-definite curvature. If this requirement is not met, the anti-canonical bundle 
Kg , and powers thereof may develop 'base- loci' where all sections vanish simultaneously. This 
would lead to unwanted singularities of Z 4 . Indeed, if C\{B 3 ) becomes negative on some 2- 
cycle, Kg^ will have no non-vanishing sections when restricted to that locus, and thus the 
polynomials appearing in the Kodaira representation of the Weierstrass form will vanish as 
well. This surely implies a singularity of the total space of the fibration. 

Using standard formulae from algebraic geometry such as the adjunction formula, as in 
[29J, it is easy to compute the total Chern class of a smooth Calabi-Yau fourfold described as 
a codimension one hypersurface by the Weierstrass polynomial: 

Y 2 = X 3 + fXZ 4 + gZ 6 . (8) 

Let M 5 be the ambient fivefold of Z 4 , which is chosen to be a WW 2 3 ^bundle over B 3 , whereby 
the fiber is parametrized by the weighted projective coordinates X, Y and Z, of weights 2, 3 
and 1, respectively. 

Define O WV 2 (1) to be the 'hyperplane' line bundle along the fiber, such that Z is a 
section of it. We will drop the subscript for convenience. This line bundle extends onto the 
whole projective bundle M 5 over B 3 . Let F e H 2 (M 5 ,Z) be the first Chern class of the line 
bundlefl 0(1) ® K^fa), on M 5 . 

Then, to make equation (jHJ) consistent, X, Y, Z, f, and g must be sections of 0(2) ® 
K~ 2 (B 3 ), 0(3)®K~ 3 (B 3 ), 0(1), K~\B 3 ) and K~ 6 (B 3 ), respectively. The Weierstrass fibration 
admits a section, Z = 0, whose Poincare dual is, in this notation, F — Ci(B 3 ). Now, recalling 
the general construction of an elliptically fibered Calabi-Yau, it is straightforward to deduce 
the following adjunction formula expressing the total Chern class of Z 4 in terms of F and of 
the one of B 3 : 

(7 , c(j?3)-(l + 2F)-(l + 3F)-(l + F- Cl (i?3)) 



4 The pull-back of the projection map from M5 to B3 is always implicit in the notation. 
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The fact that X, Y, and Z parametrize the projective fiber means that they cannot vanish 
simultaneously in M5. This is expressed easily by the following constraint: 

F 2 -(F- Cl (B 3 ))=0, (10) 

Since the Weierstrass equation (JBJ) defining Z4 represents a divisor of class QF, on Z4 the 
constraint fflOl) simply reduces to the condition F 2 = F ■ ci(B 3 ). Therefore, the second order 
in the expansion of (JUJ), namely the second Chern class of Z 4 , will be: 

c 2 (Z 4 ) = 12F 2 + c 2 {B 3 ) - c\{B 3 ) . (11) 

Before trying to understand, whether ffTTl) is even or odd, some comments on its structure 
are in order (see [5U] for similar observations). It turns out [201 12] that, in order to preserve 
Poincare invariance in M 1,3 , the flux G4 must have one and only one leg along the elliptic 
fiber. Now, since the second and the third term in (fTTjl are pull-backs from the base, they 
cannot have any legs along the fiber. The first term, on the other hand, can be written as 
cf (B 3 ) + Ci(B 3 ) ■ (F - Ci(S 3 )), where the first term is again all along the base, while the second 
has two legs on the base and two on the fiber, whereby F — c\(B 3 ) is the Poincare dual of 
the 0-section. Hence, the structure of c 2 {Z^) is necessarily unacceptable if one wants to keep 
space-time Poincare invariance, and thus its possible oddness would induce a Poincare-breaking 
G4 flux that cannot be put to zero because it is half-integrally quantized. 

As a general rule, on a smooth elliptic Calabi-Yau fourfold of strict SU(4) holonomy, any 4- 
cycle which is Poincare dual to a Poincare-preserving G4 must be orthogonal to any intersection 
of two divisors. Indeed, apart from C2(B 3 ), which comes anyhow from a class of the base, ffTTl) 
is manifestly a linear combination of wedge products of two classes belonging to if 2 (Z4,Z) = 
H 1,l (Z±, C) R i7 2 (Z4, Z), which never have only one leg along the T 2 fiber. 

To summarize, any Poincare preserving flux G4 in a CY fourfold with SU(4) holonomy must 
be such that: 

/ G 4 -D-D' = for any two D, D' E H 1 ' 1 ^^, C) PI H 2 [Z^ Z) . (12) 

J Zi 

Therefore, if G4 is to preserve Poincare invariance in R 1,3 , c 2 {Z^) must always be even, so 
that G4 can be shifted back to zero. 

In order to address this issue, it is convenient to reduce the problem to a more tractable 
one formulated entirely on the base space of the fibration. 

The term 12F 2 in (ITT)) is twice the Poincare dual of a true, perfectly decent 4-cycle, which is 
a divisor of B 3 . Indeed, this 4-cycle is described in Z4 by the two equations X = and Y = 0, 
which have class 2F and 3F respectively. Hence, its Poincare dual is an integrally quantized 
4-class and thus 12F 2 is always an even class. 

In this way, one is led to analyze a pure class of the base, namely c 2 (B 3 )— cf(B 3 ) G H 4 (B 3 , Z). 
In principle, we should integrate this class on all divisors of B 3 , in order to decide whether or 
not it is always even. Fortunately, some basic facts from algebraic topology will help us to 
determine the general answer to this problem. We state the following proposition: 

Proposition: For any smooth, complex manifold X of complex dimension at most three, the 
characteristic class c 2 — c\ of its tangent bundle is always even. 

Proof: It is convenient to reduce the integral 4-class in question to a class modulo 2 and 
study whether the latter vanishes or not. Define the second Stief el-Whitney class u> 2 as the 
modulo two reduction of c\, i.e. u> 2 = c\ mod 2 e H 2 (B 3 ,Z 2 ). The modulo 2 reduction of c 2 is 
then clearly w\ because c\ mod 2 = w 2 , and the quotient homomorphism q : Z — > Z 2 induces a 



6 



homomorphism of cohomology rings under the cup product U (which in this case is simply the 
wedge product). For c 2 , instead, one notices that, since the manifold is complex, it is equal to 
the class A apart from the sign, which is killed by the mod 2 reduction. However, as stated in 
[19], the mod 2 reduction of A, Q, is the so-called fourth Stief el- Whitney class u> 4 . Thus, for 
complex manifold^!, c 2 mod 2 = W4. Therefore, one is led to analyze the class: 

c 2 -c\ mod 2 = w 4 + w% G H\X,Z 2 ) . (13) 

It is here that certain tools of algebraic topology become useful, namely, the so-called Steenrod 
squares and Wu classes. The Steenrod squares are operations in the Z 2 -cohomology of a given 
space M of real dimension n, such that sq* : H k (M,Z 2 ) — > H h+ '' ! (M , Z 2 ) . Fortunately, we will 
not need to define these objects. It turns out that one can extract crucial information out of 
them just by knowing some of their basic properties and relations. We summarize them below 
[331 El]: 

1. sq° is the identity map. 

2. The total Steenrod square respects the cup product, namely: 

sq fc (x U y) — sc f( x ) u s 1 j (y) ■ 

i+j=k 

3. The Wu classes Vi are defined as the unique representatives (by Riesz's theorem) of the 
functionals (upon integration on M) sq*(a;) for x G H n ~ l (M, Z 2 ), namely: 

sq i (x)=v i Ux, x G H n -\M, Z 2 ) , 0<z<n. 

4. The total Stiefel- Whitney class equals the total Steenrod square applied to the total Wu 
class, namely: 

i 

Wi = ^sq^(^). 

j=0 

5. They satisfy the so called Wu formula: 

it \ ( j + t — i — 1 \ 

S( lK) = 2^( t Jw^ t w j+t . 

t=o \ ' 



6. Since sq l (x) = if x G H^(M, Z 2 ) with i > j, then, by definition: 

~Tb~ 

Vj — Vz > — . 

21 



Using these properties, one can find very easily the expressions of the Wu classes in terms of 
the Stiefel- Whitney ones. For example, for the first four, one gets: 

Vl = Wx, 

V 2 = W 2 + Vj\ , 

V 3 = WiW 2 , 

V4 = W4 + wl + w\ + W1W3 . (14) 

5 In general, for a spin c manifold which is not complex, one has |3 1 1 132j W4 = A mod 2 — Pl ~" mod 2, where 
a is the spin c class. In particular, if the manifold is complex, then a = c\. 



7 



Now, since the manifold at hand, X, is complex, it is in particular orientable, so that W\ of its 
tangent bundle vanishes. Hence, in the present situation, the fourth Wu class displayed in (I14|) 
becomes exactly the reduction modulo 2 of the integral class of (I13p : 

t>4 = c 2 — cl mod 2 . (15) 

However, the last of the properties listed above says that if dim^X < 3, then v $ = for all 
% > 4. 

This concludes the proof. 
□ 

Notice that, the hypotheses of this result constitute no restriction on the base B% of the 
elliptic fibration, since it is always a Kahler manifold, and thus complex. In order to prove that 
this quantity is instead vanishing for Z 4 , it was crucial for the latter to be elliptically fibered 
with a globally defined smooth Weierstrass representation. 

There are two important conclusions we can draw from this result: 

• Had there been any smooth, elliptically fibered Z^s with a Weierstrass representation 
with odd 02(^4), then the flux half-integral quantization would have forced them to break 
Poincare invariance. Hence, such fourfolds would have been ruled out as F-theory com- 
pactifications from their inception. 

• All sources of flux half-integral quantization must be localized around stacks of 7-branes, 
or other potential sources of singularities of Z4. In fact, there is no reason for this result to 
hold for a generic Calabi-Yau fourfold. This is what motivates us to allow for non-Abelian 
singularities for Z A in section 

In the singular case, the computation of the second Chern class by means of the adjunction 
formula fl9]) will no longer be reliable, thus forcing one to resolve the singularity via a series of 
blow-up's. Only after the complete resolution can one compute C2 using adjunction. However, 
the resolved fourfold, although still an elliptically fibered Calabi-Yau (all the resolutions in 
the series will be crepant), will in general no longer admit a Weierstrass description of the 
fibration over the whole B%. Hence, it will evade our proposition, and may induce half-integrally 
quantized fluxes. 

As a last comment, it is important to stress that when A of the fourfold is an even class 
as in this case, the geometric tadpole of F-theory, namely x(Z 4 )/24, is always an integer, as 
Witten proved using index theorems [19]. Computing the holomorphic Euler characteristic of 
Z4 by means of the Hirzebruch-Riemann-Roch theorem, one has: 

2 = Xo(^) = / Td(Z 4 ) = -!- / 3c 2 2 (Z,) - c 4 (Z 4 ) , (16) 

where Td is the total Todd-class and, the strict SU(4) holonomy implies that h ' 1 = h 0,2 = 
h ' 3 = for Z4. Therefore, for the minimal choice of G4, one gets: 

~ / G 4 AG, = l[ + (17) 

which is integral. In this smooth case, the two terms are separately integer; in section [5] it will 
be shown that in general, in the singular case, they are separately non-integral (when computed 
of course on the blown- up Calabi-Yau), but the total tadpole remains the same as here because 
the index theorem is valid despite the absence of a Weierstrass representation. 
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4 The perturbative type IIB perspective 



It has just been found that F-theory on an elliptic Calabi-Yau fourfold with smooth Weierstrass 
representation always has a quantized G-flux which preserves 4-dimensional Poincare invariance 
and no other obligatorily present flux that breaks it. 

The aim of this subsection is simply to check these F-theory expectations from the weak 
coupling limit viewpoint. We will first review two view-points on the IIB weak coupling limit: 
Sen's limit, and the tachyon condensation picture of D7-branes as D9/anti-D9 condensates. 
Subsequently, we will study two potential sources for half-integrally quantized fluxes: 07- 
planes on non-spin divisors, and 03-planes. We will find that, in agreement with our results 
on smooth fourfolds, there are no obligatory half-integrally quantized fluxes. 

4.1 Review of Sen's limit, and tachyon condensation 

One first parameterizes, without loss of generality, the polynomials / and g of eq. ([8]) as follows: 

/ = -3h 2 + en, 

2 

g = -2h 3 + ehrj + i| , (18) 

where e is a complex constant which drives the weak coupling limit, while h, t] and x are 
sections of K~ 2 (B 3 ), K~ A (B 3 ) and K~ 6 (B 3 ) respectively. At leading order in e — > one finds 
for the discriminant of the elliptic fibration and for the Klein modular invariant the following 
expressions: 

A«-9eW + *x) and (19) 

Thus, in this limit, g s = (Imr)^ 1 goes to everywhere on the base except near h = 0. This locus 
is just one of the components of the vanishing discriminant locus and it is interpreted as the 
divisor of -B3 wrapped by an 07-plane. For e = there is only a recombined, tadpole-canceling 
7-brane wrapping this locus. But when e is not identically zero, a second component of A = 
appears, which should be thought of as the divisor wrapped by a D7-brane, compensating the 
charge of the 07. Thus: 

07 : h(x) = and D7 : rj 2 (x) + h(x)x(x) = , (20) 

where x are the coordinates of -B3. The particular shape of the D7-brane, the so-called Whitney 
umbrella shape, develops a double curve singularity at the intersection with the orientifold and 
additional pinch point singularities on this curve where also % — 0- Such singularities make 
many calculations in type IIB, such as the curvature- and gauge- induced D3-brane tadpole, no 
longer reliable. Addressing this issue is the core of the paper [22], where two techniques are 
developed to actually calculate the total D3 tadpole in order to match the curvature-induced 
contribution with the prediction from the corresponding F-theory fourfolds. In this paper, we 
will use the method based on Sen's tachyon condensation, in order to discuss the weak coupling 
limits of F-theory compactifications on both smooth and singular Calabi-Yau fourfolds. 

It is important to stress (since it will be crucial for the practical computations) that it is 
very natural to think of the Sen limit as a perturbative type IIB string theory on M 1 ' 3 x X 3 , 
where X 3 is the Calabi-Yau threefold that double covers B 3 with branch locus given by the 
07 divisor (and the 03-planes). Here, one adds a new coordinate, £, odd under the orientifold 
involution, and a new equation 

e = h(x) . (21) 
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The resulting configuration is a IIB compactification on X3 with an orientifold involution, 
a : X3 — > X3, which also takes into account the Z^-transformation that acts on the fields of the 
theory. It acts as a = a o ( — 1) Fl o fi, where (— 1) Fl changes the sign of the Ramond states of 
the left-moving sector, while Q denotes world-sheet orientation reversal. 

However, as already stressed, computations on X 3 turn out to be problematic due to the singular 
shape of the recombined D7-brane (Whitney umbrella). In order to avoid this complication, 
instead of directly working out the resolution of the singular space, a much easier technique 
will be adopted that is based on the Sen tachyon condensation and used for similar purposes 

in [22JE5l[E>]. 

The strategy is to consider a pair of D9-branes and the pair of corresponding orientifold- 
image anti-D9-branes with suitable vector bundles on them, which will eventually tachyon- 
condense and leave the desired configuration of D7. In general, as explained in [22], it is 
crucial to have an even number of D9-branes (and consequently of anti-D9's) in order to avoid 
a discrete anomaly. Indeed, the worldvolume theory of a D3-brane probe placed with its image 
on the 07~ in the presence of r D9-branes is an SU(2) J\f — 1 gauge theory coupled to r 
chiral multiplets in the fundamental of SU(2) coming from open strings stretching from the 
D3 (and its image) to the r D9's (open strings stretching to the image anti-D9's are simply 
the image strings and thus should not be counted separately as independent). Therefore, if r 
is odd, one has an odd number of Weyl fermions in the fundamental of SU(2) and this results 
in a Z 2 -anomaly [SB]. In the present situation one has r = 2. In section cases with bigger 
r will be also discussed, as they will be needed in analyzing the Sen limit of singular F-theory 
compactifications. 

Let G denote the class of the divisor £ = 0, where the 07-plane resides. The D7-brane 
should wrap a (singular) divisor of class 8Gj^| Then, we consider the following configuration of 
X 3 -filling D9 and anti-D9-branes with gauge bundles: 

TW X ~W 2 £>9i D9 2 

O(-aG) 0((a-A)G) O(aG) 0((A-a)G), 

where a is some integer. Here, by 0(n G) we mean in general the line bundle whose first Chern 
class is n G. We will also refer to a polynomial being "of degree n G" , whenever it is a section 
of 0(nG). This is compatible with the 07-projection because the anti-D9's are exactly the 
orientifold images of the D9's. The tachyon T of this configuration is a 2 x 2 matrix-valued 
section of E (g) E, where E = 0(aG) © 0((4 — a)G). The orientifold involution acts on the 
tachyon as follows^ 

a*(T{x,C)) = -T(x,-0, (22) 

where x are the local coordinates on B 3 . To survive such an orientifold projection, the tachyon 
is constrained to take the following form: 

t ^ - (4o f'HCf) **>)■ (23) 

where rj is the same polynomial of degree 4G, as in f |20|) . while p,if),T are other locally defined 
polynomials such that pr — tp 2 = x °f formula fl20|) . Their degrees are (2a — 1,3,7 — 2a)G 

6 Throughout this chapter the charge of D-branes will be computed from the point of view of the double 
cover X% and therefore it will be twice the physical D-brane charge. 

7 The minus sign corresponds to the choice of the 07~; the 01 + involution would have had the plus sign. 
The transpose, instead, comes from the fact that f2 exchanges the open string endpoints. 
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respectively. In order for these polynomials to be well-defined and not identically zero, a 
should satisfy the following bounds: 

\<*<\. (24) 

The D7-brane locus is by definition the locus where the tachyon map fails to be invertible, i.e. 
where its determinant vanishes: 

S 2 : det(T) = n 2 + e(pr-ip 2 ) = 0. (25) 

This reproduces the Whitney umbrella shape defined in (|20|) . except for the a priori non-generic 
form of x — P T ~ i' 2 -, which we will discuss next. 



4.2 Non-spin 07-plane 

In the previous section, we saw that the form of x is non-generic unless one of the two bounds 
for a is saturated (i.e. either p or r becomes a constant). 

The analysis from [35] reveals that if the first Chern class of the normal (line) bundle of 
the 07 inside X 3 is odd, the bound for a cannot be saturated. Indeed, in order to saturate, 
say, the lower bound a — |, the class G must itself be even. Hence, if G is odd, the observed 
effect would signal the presence of a gauge flux a la Freed- Witten which cannot be put to zero: 
Indeed, this flux would create a superpotential [37] that would constrain the transverse moduli 
of the D7-brane. Since, by adjunction, ci(Nx 3 07) = —C\{07) = ci(B 3 )\ 07 , the oddness of the 
class of £ = just means that the divisor wrapped by the 07 is not spin, which also implies 
that B 3 itself is not spin. 

After reviewing this situation, we will prove that the necessity of such a gauge field can be 
circumvented by turning on a discrete B-field, consistent with the orientifold projection. This 
is as expected from F-theory, which, as proven in section [3J does not predict the appearance of 
any 7-brane gauge flux with shifted quantization condition. 

This phenomenon can also be deduced from the contribution to the D3-tadpole of this 
system, whose practical computation will be now sketched for later use. 

Gauge and gravitational couplings of a Dp-brane induce lower dimensional D-brane charges 
according to the unique non-anomalous coupling found by Minasian and Moore [27]. Here one 
has D9-branes wrapping the whole Calabi-Yau threefold, which means that their normal bundle 
is trivial and the A-genus becomes equal to the Todd class of X 3 . Thus the contribution to 
lower dimensional D-brane charge densities due to the D9 — D9 system is: 



D9 



ch ([E] — [E]) ■ Vfd(xV) = (e aG + e^ G - e~ aG - e^ G ) ■ (l + (26) 



where E is the gauge bundle on the anti-D9's and the square brackets denote the K-theory 
class. Also an Op-plane contributes to lower dimensional D-brane charges via gravitational 
coupling only (since there is no gauge bundle on it), according to the formula [38] : 



J L (jTOp) 

s Gp z = ±2*- 4 / re a y =, (27) 

'op L (\N X3 Op) 



where % is the embedding of the Op-plane worldvolume in the target space, while L is the 
Hirzebruch genus. Hence, for the case of the 07~, the first non-trivial induced charge density 
is the D3-brane one and it is easy to see that it reduces to: 

r C7 = ^. (28) 
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First of all, the zeroth order term in (126]) vanishes, indicating that no net charge of D9-brane 
is left after the tachyon condensation (stated in mathematical terms, this means that on the 
D9 — D9 system there is a class in K(X 3 )). Then, the first order term in ( 12T)|) gives the right 
D7-brane charge, namely 8G, while the second order term vanishes, compatibly with the fact 
that D5-branes are projected out by the orientifold involution. 

The third order term in (126]) and the contribution (128]) constitute the total induced D3-brane 
charge, which must be compensated by an equal number of explicitly added D3-sources in order 
to cancel the D3-brane tadpole. It is possible to single out two different contributions to this 
charge density: 



Q D3 Qgauge Qgrav • (^^) 



The gauge contribution reads: 



Qgauge = 4 (a ~ ^ (a ~ ^ G* , (30) 

which manifestly disappears, as it should, when the bound ( I24p is artificially saturated (i.e. 
absence of D7-brane gauge flux). The gravitational contribution, instead, reads: 

Qgrav = "^"G* 3 H — —G. (31) 

The curvature-induced contribution (131]) should exactly match the geometric tadpole predicted 
by the F-theory lift of the system (or better twice it, because the image-D3's are counted 
separately); and indeed it does: 
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/ 30G 3 + c 2 (B 3 )G , (32) 
Jb 3 



where, analogously to [29], the fourth order term of (|9]) has been used together with the fact 
that the class F integrates to 1 on the generic T 2 fiber (i.e. the 0-section is not a multi-section). 
Using the adjunction formula C2(B 3 ) \x 3 = c 2 (X 3 ) — G 2 \x 3 , this can be turned into an integral 
which involves only Calabi-Yau threefold datc(§: 



X(Z 4 ) _ 1 
12 2 



29G 3 + c 2 (X 3 )G, (33) 

^3 



where the factor 1/2 takes into account that X 3 is a double cover of B 3 . This exactly matches 
the integration on X 3 of (13T]) . 

Therefore, if things stay like this, it seems impossible to eliminate the gauge contribution 
( 130]) . with the unexpected consequence of a compulsory presence of D7-brane gauge flux. How- 
ever, one can turn on a half- integral B-field (with topological type related to u> 2 (_B 3 ), see below) 
to cure this problem. The details of how such a discrete B-field modifies the interval 021]) making 
its extrema integral will be now described. 

If a B-field is turned on in this type IIB orientifold compactification, this should be done 
compatibly with the orientifold projection, which acts on it as: 

r (£(£,£)) = -a*B(x,-0, (34) 

a* being the pull-back map of the target space involution, acting on its cohomology ring. Hence, 
in order for the B-field to survive to the projection, one would have to require B + o*B = 0. 



8 The computation on X3 is actually the only reliable one, since B3 is singular on the 07 locus in the weak 
coupling limit and sometimes also because of the presence of 03-planes. 
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However, since what really matters at the quantum level is the holonomy of the B-field, one is 
led to impose the weaker condition B + a*B e H 2 (X^, Z), namely H.ol(B + a*B) = 1. One could 
now wonder which representative in the second de Rham cohomology of A 3 should be chosen 
for the B-field. This, of course, does not matter for closed strings which do not feel large gauge 
transformations; but for open strings different choices are in general not equivalent, because 
integral shifts for the B may change their path integral measure. The right trivialization is 
provided [39] by the gauge fields on the D9-branes, in such a way that the combination B + F 
remains gauge invariant. Actually there is the freedom to choose only one overall trivialization, 
on one of the four D9's, as the choice for the other gauge fields is constrained by the orientifold 
involution. Indeed, for example, one can conventionally choose to trivialize the B-field on D9\ 
by means of the gauge field F\, namely one chooses the couple (Fi,B) on D9\. Then, the 
involution would imply the couple (— <7*iq, —a*B) for the D9\. But, since the bulk B-field is 
the same and these are branes filling the whole target space, the right trivialization on the D9\ 
turns out to be F[ = —a*Fi—B—a*B, so that on the D9\ one has the couple (F[, B) (so one has 
just applied the large gauge transformation B+a*B to the previous trivialization). Analogously, 
choose the couple (F 2 , B) on the D92, namely the trivialization F 2 on it, which is anyhow fixed 
by the 7-brane tadpole cancellation —{F[ + F 2 ) = AG. Then, again applying the large gauge 
transformation B + cr*B, the right trivialization on the D92 will be F 2 = —a*F 2 — B — a*B, so 
that on the D9 2 one has the couple (F 2 , B). 

Now, as opposed to the target space orientifold involution defined in [T5], in the present case 
the involution just reverses the sign of a coordinate: therefore, its action on cohomology is 
trivial, namely a* is the identity map. With the minimal choice IB = G, thought of as a class 
of A3 by pull-back^!, one has the following new configuration: 

~D9l ~D9~ 2 D9 1 D9 2 

0(-(a + l)G) 0((a-A)G) O(aG) 0((3-a)G). 

It is important to stress that such gauge freedom was absent in the previous configuration, 

because HoLB = there, and thus the choice B = was canonical. 

If one computes the interval for a in this new configuration, one easily finds: 

< a < 3 , (35) 

where the extrema are now integral and the bound can be honestly saturated. 

It is useful to verify, as a crosscheck, that the D3 charge computation, based as before on 
the rational K-theory formula, gives, upon saturation of the bound (i.e. by killing the gauge 
contribution), precisely the same number as the F-theory geometric tadpole. But now it is 
crucial to remember that the Chern character of the K-theory class on the D9 — D9 system 
must be represented by the exponential of the gauge invariant combination B + F, that in this 
particular case turns out to be also quantized (although only in terms of half- integers), because 
of the constraint of the orientifold projection on the B-field. So in this case exp(B + F) is the 
only available concept of gauge-induced lower- dimensional D-brane charges and it should enter 
the Wess-Zumino action of the D9 — D9 system. 

Therefore, the new contribution due to the D9's and image-D9's will be: 

T B m = (e^ G + e^ G - e~^ G - e^ G ) ■ (l + , (36) 

while the contribution of the 07-plane remains obviously the same as in (l28i) . 

Putting everything together, one finds again vanishing D9's and D5's net charges, the right 

9 On B3, instead, this is exactly what has been said above, namely 2B mod 2 = ^2(53). Hence, HoLB £ 
H 2 (Xz,T2), where T2 represents the subgroup of S 1 given by the square roots of unity. 
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D7-brane charge (SG) and finally Q grav as in fl3T|) . while for the gauge contribution to the 
D3-tadpole: 

Qf auge = 4a(a-3)G 3 , (37) 

which can manifestly be killed by saturating the new bound (135]) and there is no real topological 
obstruction to choose a vanishing gauge flux on the D7-brane. Notice that in the case the class 
G is even the bound (1241) can be saturated. Consequently, the B-field just introduced becomes 
integrally quantized and hence one can more easily choose the canonical gauge B = 0. 

Finally note that the M-theory origin of this B-field is not G4, because the associated H- field 
vanishes identically for Freed- Witten anomaly cancellation [24]. It is rather the holonomy of 
the C*3-field (connection on the membrane 2-gerbe) that generates this B via the F-theory limit. 



4.3 03-planes 

This paragraph contains some comments about the possible presence of 03-planes in F-theory 
compactifications, resulting in codimension four singularities of different nature with respect to 
the non-abelian one discussed in the next section. 

First of all, notice that the Z2-orbifold singularity of B3 represented by the 07-plane is only 
an artifact of the perturbative limit. Indeed the 07 should really be thought of as a bound 
state of two mutually non-local 7-branes placed at a non-perturbatively small distance of the 
order of e _1//9s [2J. Thus the F-theory background, which resolves this distance, does not feel 
any singularity at all. 

A different story, instead, is the one related to other possible fixed loci of the orientifold 
involution: there can be, in fact, codimension three such loci (points) on the Calabi-Yau three- 
fold, which become singularities at the quotient. These are interpreted as 03-planes and, since 
they are singlets of S-duality, they contain no charge for the axio-dilaton and thus the elliptic 
fiber does not degenerate on them. For this reason, F-theory does not see them and they 
generate point-like orbifold singularities also on the elliptic Calabi-Yau fourfold. This can be 
rigorously shown as follows. 

An 03-plane is present, for instance, whenever the point described^! by £ = 1 and all the 
coordinates of X 3 set to zero is fixed under the orientifold involution, due to some projective 
rescaling[jj] £ — > A£. Let h = £ 2 the coordinate that substitutes £ in the quotient B 3 : due to 
the fact that h scales with A 2 , B 3 has a Z 2 -orbifold singularity in h — 1. The question is how 
this singularity is seen by the elliptic fibration via its Weierstrass representation (jHJ). In this 
situation, (jHJ) simplifies to: 

Y 2 = X 3 + ah 2 XZ 4 + bh 3 Z 6 , (38) 

where the Sen parameterization of / and g, (TT8]) . has been used and a,b are constants which 
take into account the now present dependence on h also of all the other terms in (ITS]) , apart 
from the first. The two projective rescalings of the four homogeneous coordinates appearing in 
(1381) are: 

(h, X, Y, Z) ~ (A 2 /i, A 2 X, A 3 Y, Z) <^=> (h, X, Y, Z) ~ (X 2 h, X, Y, \~ X Z) , (39) 

(h,X,Y,Z) ~ (h,fi 2 X,fi 3 Y,fiZ), (40) 

where the first line displays two different and equivalent projective weight assignments for the 
rescaling of the base coordinates (the second choice is obtained by subtracting the /i-weights 

10 We remark that here £ is treated as a toric coordinate of X3 , and thus not as a polynomial function of the 
other coordinates. 

11 This is what happens, for example, in the case of the quintic, discussed in |35| . 
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from the A-weights of the first choice). It is easy to see, then, that as long as Y ^ and Z^O, 
one does not get any orbifold singularity in h — 1 , because any of the two choices of basis for 
the first rescaling fixes completely the sign freedom of A. 

However, if one among Y and Z vanishes, one immediately gets singularities. Indeed, take for 
example Y = 0. Thus, one can fix the /x-rescaling ( 140]) by choosing Z = 1, since, ( 138]) with 
Y = imposes Z ^ 0; then, by adopting the first choice of basis in (l39j) . it is evident that 
the points (l,Xj,0, 1), where Xi (i = 1,2,3) solve the cubic equation X 3 + aX + b = 0, are 
fixed under the gauge transformation A = — 1: Hence these are generically three points with a 
Z 2 -orbifold singularity. 

Similarly, if Z = 0, eq. f )38|) imposes 1^0 and one can fix it to 1 using part of the //-gauge 
( 140]) ; then, by choosing the second basis in ( 139]) . it is evident that the points (1,1, ±1,0) are 
fixed under the gauge transformation A = — 1; but this is actually just one point, because the 
residual freedom in the /x-rescaling exchanges (1,1,1,0) with (1,1,-1,0): Hence this is one 
point with a Z 2 -orbifold singularity. 

The presence of 03-planes enters crucially the above discussion as far as the integrality 
of the gravitational tadpole ( 131]) is concerned. Indeed, while C2(X 3 ) is always even for the 
proposition proven at the beginning of the present section, the first term is not always integral. 
However, if 03-planes are absent, B 3 is a perfectly regular manifold, and thus one can compute 
its holomorphic Euler number by means of the Hirzebruch-Riemann-Roch theorem. Assuming 
proper SU(4) holonomy for Z 4 , we know that h 0,l (B 3 ) = h 0,2 (B 3 ) = h 0,3 (B 3 ) = 0, since, 
otherwise, holomorphic 1-, 2- or 3-forms would be generated on Z4 via pull-back. Therefore, 
one has: 

1 = Xo(B 3 ) = jf Td(5 3 ) = Y A j B ci(B 3 )c 2 (B 3 ) . (41) 
But since C\(B 3 ) = G and, by adjunction, C2(X 3 ) = C2(B 3 )\x 3 + G 2 \x 3 , one gets: 

\ f c 2 (X 3 )G = 24+i f G 3 , (42) 

J X3 J X3 

and thus, using f ]3T]) : 

Q grav = 24 + 15 / G 3 , (43) 
Jx 3 

which is manifestly integral. Note that also its half, namely the physical D3-brane charge, is 
integral. Indeed, if B 3 is smooth, G 3 mod2 = io|(5 3 ) = 0, since the top cohomology group 
of B 3 does not contain torsion. Taking into account formula (I3"3"]) . this independently confirms 
that in the smooth case x{Z±) is a multiple of 24. 

This is just a particular manifestation of a more general fact. Indeed, as will be proven 
below. 

/ G 3 mod2 = #03mod2. (44) 
Jx 3 

Therefore, in the absence of 03-planes one recovers in (I3"T]) the integrality of the tadpole proved 
before, while if they are present in odd number (like in the quintic example), then the gravita- 
tional tadpole is half-integral. However, in the latter case, one should add to it the contribution 
of the 03's themselves to the D3-brane tadpole, which, as a consequence of eq. ( 133]) . are not 
seen by the F-theory computation of the geometric tadpole. This is maybe explained by the 
high codimension (four, as previously seen) of the elliptic fibration singularities generated by 
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the 03-planes. The contribution of 03 ± -planes to the D3-brane charge, as measured from the 
covering space X 3 , is (see formula fl27|) ): 

Q03 = (45) 

X 3 1 



which exactly compensates the half-integrality of the first term in fl3T|) . giving a perfectly 
integral gravitational tadpole. 

Eq. (jHJ) can be proven as follows. Independently of the presence of 03-planes, the Calabi- 
Yau threefold X s and the 07-plane are perfectly regular varieties. Thus, applying adjunction, 
c 2 (07) = c 2 (X 3 )| 07 + G 2 \ 07 , and then: 

X (07)= [ c 2 (07)= [ c 2 (X 3 )G + G s , (46) 

J07 JX 3 

which implies that x{07) mod 2 = J X:j G 3 mod 2. Calculating the Z 2 -equivariant Lefschetz 
index on X 3 , we get: 

6 

L a = ^(-l) l (6 l + - bl) = 2h°'° + 2 (Z^ 1 - h 1 ! 1 ) + 2 (h 2 : 1 - h 2 ^ 1 + h 3 ' ) , (47) 

8=0 

where b % are the Betti numbers of X 3 and the subscript ± refers to the behavior under a of the 
corresponding forms. In the second equality of fT4Tj) the following information have been used: 
ft, 1 ' = h 2 ' = 0, due to the strict SU(3) holonomy of X 3 \ the unique holomorphic three form of 
X 3 is odd under the involution; the volume form of X 3 is a-invariant, thus the scalar product 

11 11 11 *? 2 2 22 

between H ' = H+ © Hj and H > = © Hj respect the ± direct decomposition, and 
hence h l ± = h± 2 ; similar situation holds for the group H 2 ' 1 . But, on the other hand L a is equal 
to the Euler number of the loci of X 3 fixed under a: 

L CT = X (07) + #03. (48) 

Therefore, since (T4T1) is manifestly an even number, (l4~8l) and (|46|) together imply (|44|) . 



Remark To conclude this section, it is important to mention that the integrality of the 
physical D3-brane charge (i.e. as computed on the base manifold B 3 ) remains an open issue 
when 03-planes are present. Indeed, it has been proven above that independently of the 
presence of 03-planes, the D3-brane charge measured from the Calabi-Yau double cover is 
always integer, but not that it is always an even number! It turns out that actually, if the 
absolute value of the net 03-plane charge, \n 03 + —n 03 - |, is odd, then only one of its signs leads 
to an integral D3-brane charge as measured on B 3 (the other choice gives a semi-integer value, 
which is unacceptable). For example, in the quintic case considered in [35], one has only one 
03-plane, but only if the latter is an 03 + one gets an integer number of D3-branes to be added 
for tadpole cancellation. 

Therefore the type of the most abundant 03-planes present seems to be a crucial ingredient as 
far as the integrality of the D3 tadpole is concerned. Along the lines of [40], there should be a 
connection between the appearance of such 03 + and of a B-field in the bulk, which anyway is 
necessarily present, according to formula (|44j) . if the number of 03-planes is odd. Nevertheless, 
such a conjecture will not be analyzed any further in this paper, and it will be left for a future 
work. 
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5 Singular Calabi-Yau fourfolds 



We will now treat the case of singular elliptic fourfolds, which is obviously more appealing 
for GUT model building. The results for the smooth case no longer hold, essentially for two 
reasons: First, by blowing-up the singularity, one looses the Weierstrass representation. Second, 
the appearance of exceptional divisors alters the elliptic fiber, making the separation between 
Poincare-preserving and -breaking G-fluxes no longer as clear as in the previous case. Moreover, 
one should expect any possible odd value of the second Chern class of the blown-up fourfold 
to be detected on 4-cycles of the exceptional divisorg^l- Indeed, outside of them, the geometry 
remains the same as in the smooth case; and C2, being quantized, stays constant during the 
continuous blow-down process. Such odd values can then be related to the possible absence of 
spin structure on the D7-brane stack. This would correspond to a Freed- Witten-like gauge flux 
on the D7's with a shifted quantization condition. Such an effect can be verified in the Sen 
limit, as done before for the smooth case. 

We will demonstrate all these effects in the next subsection, in a simple toy model in which an 
SU(2) singularity is forced by hand on a generic (non-singular) divisor of the base B3 = P 3 . 
We will then conjecture a general pattern based on Fulton's formula of the total Chern class of 
blown-up manifolds pTTj W2\ . 

In subsection 15.51 we will address the case of general Sp(N) singularities (which of course 
contains the previous SU(2) case). We will determine the quantization of the gauge flux and 
give formulae for gauge and gravitational contributions to the D3 tadpole, starting from the 
P 3 toy model and then generalizing the results to any B3 and any divisor class of the 07. 
Moreover, we will point out for which element of the Cartan torus the gauge flux gets a shifted 
quantization condition. As we will verify in the next sections, the gauge flux corresponding to 
the affine node of the extended Dynkin diagram of a given singularity always remains integrally 
quantized. This node is in fact always present (see appendix |XJ), also in the smooth situation, 
and, at least in unitary gauge theories, it represents the U(l)-trace factor whose gauge boson 
decouples in the non-abelian case. 

5.1 SU(2) singularities 

In this subsection, we will construct an explicit toy model in detail, in which the F-theory elliptic 
Calabi-Yau fourfold suffers from a non-abelian singularity of the simplest possible Kodaira 
type, namely I2. For simplicity, we choose the projective threefold P 3 as a base. Using the 
Tate classification given in [32], we will constraint the complex structure moduli of the fourfold 
to generate an SU(2) singularity over a non-singular divisor S2 C -B3. Then, by means of 
toric methods, we will blow-up the fourfold Z4, which will suffice to completely resolve the 
singularity. Finally, we will compute the second Chern class of the resolved fourfold Z4 and 
compare it to the first Chern class modulo 2 of S 2 (i.e. u^S^)). 

The reader is referred to the appendices for notations. In appendix |A] we give some math- 
ematical details about toric blow-up's that will be needed in what follows. Moreover, in ap- 
pendices |B] and [C] several interesting geometrical features of the SU{2) Kodaira singularity and 
its toric resolution are described in the simple case of a stack of D7's wrapping a toric divisor. 
The physical picture behind the geometric construction is also provided. 

Suppose we place the SU (2) singularity on a generic divisor of P 3 described by the equation 
P n (xi, ■ ■ ■ , X4) = 0, where P n is a polynomial of degree n. Since such S2 is not in general toric, 
a trick is necessary to treat it in the same way as in appendix [B] It is sufficient to add a new 
coordinate to the ambient fivefold, a, and a new equation, a = P n (xi, . . . ,£4). The ambient 

12 In particular on the ones that collapse after blow-down, which arc P -fibrations over a divisor of the branc 
world volume S^. 
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sixfold is a toric variety defined by complex coordinates modulo three weighted projective C* 
actions. The projective weight assignments of the blown-up ambient sixfold, and the degrees 
of the two equations defining the resolved fourfold are written in the following table: 



Xi 


X2 


£3 


X4 


a 


X 


Y 


Z 


V 


eq.flSDD 


va = P n 


1 


1 


1 


1 


n 


8 


12 








24 


n 

















2 


3 


1 





6 

















1 


1 


1 





-1 


2 






(49) 



Y 2 + ai XYZ + a^aYZ 3 = vX 3 + a 2 X 2 Z 2 + a^aXZ 4 + a 6j2 a 2 Z G , (50) 

with <2j being polynomial functions of X\ . . . X4. The ambient toric sixfold is defined in part by 
these projective rescalings. One must also specify the 'excised' points of the space, much like 
projective space is defined by first excising the origin of a complex space, and then quotienting 
by the projective rescaling. The following list, referred to as the Stanley- Reisner ideal, has as 
entries, sets of coordinates that cannot vanish simultaneously : 

SR ideal : {xiX 2 x 3 X4a ; X1X2X3X4V ; XYZ ; aXY ; vZ} . (51) 

Notice that on the blown-up Calabi-Yau fourfold X\ . . . X4 cannot vanish all at the same time 
because of the first two elements in flBTT) and of the equation va = P n . 

The second Chern class of the blown-up elliptic Calabi-Yau fourfold Z4, defined by (l49H50p . 
is readily obtained by adjunction: 

c 2 (Z 4 ) = 11F 2 + 92FH + 182H 2 + (n-28)EH, (52) 

" « ' ^ v ' 

C2{Za) Ac 2 

where H is the hyperplane class of P 3 (with weights (1, 0, 0)), E is the class of the exceptional 
divisor v — (with weights (0,0, —1)) and F, differently from the notation of section [31 rep- 
resents the class of the section of the fibration Z = (with weights (0,1,0)). Notice that, 
with this choice of basis, EF = because vZ is an element of the SR-ideal of the ambient 
toric sixfold. The first piece in (152|) . 02(^4), is exactly the second Chern class of a smooth 
representative of the pre-blow-up Calabi-Yau fourfold. The second piece, Ac 2 , instead, is the 
addition due to the blow-up, which of course depends on the exceptional divisor class. The 
intersection numbers of Z4 have been calculated with the program SAGE [23] . 
The geometric tadpole of F-theory turns out to be: 

^ = 972 -ln(n- 28) 2 , (53) 

which is manifestly integral when n is even and a 1/4-integer if n is odd. In the latter case, 
therefore, by Witten's argument mentioned in section [31 the second Chern class of Z4 must be 
odd. We expect to give rise to a Freed- Witten-like gauge flux on the D7's. When n is odd, the 
stack of D7-branes wraps a non-spin divisor of P 3 and, consequently, the Freed- Witten anomaly 
of open strings requires turning on a half-integrally quantized worldvolume flux. 

We will show in the next section that the half-integrally quantized flux arising this way is 
associated to the Cartan generator of SU(2) and not to the U(l) C U(2) which eventually gets 
decoupled (affine node). Indeed, the latter is also present in the non-singular case, for which it 
was proven in section [3] that no such half-integral quantization occurs. 

The two pieces of fl52|) are orthogonal, i.e. 02(^4) ■ Ac 2 = when integrated on Z 4 . Thus, 
there is no mixed contribution to the minimal G-flux induced tadpole of F-theory, — C2(^4) 2 /8. 
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Hence, the non-integrality of the geometric tadpole of Z4 fl53|) should be compensated by the 
compulsory addition of — (Ac2) 2 /8, which is due to the blow-up. Indeed, we find that 



x(Za) (Ac 2 ) 2 



972 



(54) 



24 8 



24 



This number is equal to the geometric tadpole alone of the Calabi-Yau fourfold Z A without 
singularities! This nice result has the following physical explanation: 

From the type IIB point of view, the blow-up transition of the fourfold corresponds to a per- 
fectly smooth process. One is not changing the Calabi-Yau threefold, but rather there is a 
recombination/separation of branes via tachyon-condensation processes (see subsection 15. 3p . 
These processes are allowed if all the charges are conserved (kinematics) and if the D-terms 
constraints admit the splittings (dynamics). In M-theory, the transition corresponds to moving 
in the enlarged Kahler moduli space of Calabi-Yau fourfolds. However, the duality between F 
and M-theory (see [2]) guarantees that the M2 tadpole does not change during the transition. 
Therefore, finding the same D3-tadpole after the blow-up procedure constitutes a non-trivial 
consistency check of the whole reasoning. 

Let us end this subsection with an observational. The 4d vacuum arising after the smooth 
transition mentioned above cannot be supersymmetric because the minimal G4-flux we chose 
cannot fulfill the self-duality condition. Indeed, G4 = Ac 2 /2 has a negative square, as can 
be deduced from eq. f[5l?j) . Therefore in the orbit of vacua spanned by brane recombina- 
tion/separation processes, which keep the D3-brane charge to the value 972, the only super- 
symmetric point is the vacuum corresponding to the smooth F-theory configuration, where we 
chose a vanishing GVflux. 

5.2 Sen's limit of the SU(2) configuration 

To conclude the treatment of the type I 2 SU(2) singularity over a generic divisor in P 3 , we will 
discuss the Sen limit of such configurations, focusing on some interesting features. 

We will work on the Calabi-Yau threefold X$ = WW\ U1 J8], given by the octic hypersurface 
in the shown weighed projective space with homogeneous coordinates (xi, . . . ,X4,£). This is 
the double cover of P 3 branched over the zero-locus h — of a degree 8 polynomial h. The 
orientifold involution sends £ 1— > — £. 

The perturbativJ^l SU (2) corresponds to a D7-brane with coinciding D7-image, which in- 
tersects the 07 transversally. The D7-brane and its image (counted separately) carry a total 
charge of 2nH, where n < 16 is the degree of the polynomial defining their worldvolume and H 
is the hyperplane class of X$. But, since a total D7-brane charge of 32H is needed in order to 
cancel the tadpole (the 07 has charge 4 if in X 3 ), there must be an orientifold invariant Whit- 
ney umbrella D7-brane (see (|20p ). with the usual 0(1) gauge group, carrying charge (32 — 2n)H. 
As opposed to the Sen limit of the smooth case, discussed in subsection HI here one needs 4 
D9-branes and 4 anti-D9-branes for the K-theory description of the configuration. The tachyon 
of the system is given by: 



13 It is not at all clear a priori why the C2 of the blown-up Calabi-Yau should really contain the physical 
information about flux quantization, but it is the most natural candidate. 
14 We thank T. Grimm for pointing out this aspect. 

15 In appendix |Bj we explain the difference between the perturbative and non-perturbative realizations of 



T 




(55) 



SU{2). 
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so that the total tadpole-canceling D7-brane wraps the manifold: 



det T = P n V + ^{pr - V)) = . (56) 

Following the prescription given in [22] to realize the Sp(l) stack of D7-image-D7 on P n = 0, 
with gauge group-breaking flux in the adjoint, the right configuration of D9 and anti-D9-branes 
is: 



D9i D9 2 D% D9 A 

0((n-U)H) 0(-2H) 0((U-n)H) O (-UH) 

D9 X D9 2 D9 3 D9 A 

0{(U-n)H) 0(2H) 0{(n-U)H) O (UH) . 

In order to find the above assignments for the Chern classes of the various bundles in the 
Whitney sum, four independent conditions have been imposed^!: 

1. right total D7-brane charge, i.e. 32H; 

2. degree n for the polynomial P n ; 

3. D7 of generic Whitney umbrella shape, i.e., for example, degr = 0; 

4. gauge flux on the transverse D7 stack as expected, from the F-theory computation, to 
give rise to the right gauge contribution to the D3 tadpole (see eq fl5"3"|) ). 

Therefore, the first pair of D9's and anti-D9's is responsible for the Whitney umbrella D7- 
brane, while the second one for the Sp(l) stack. Notice that for consistency one must require 
14 — n > 2, i.e. n < 12, otherwise one looses the generic shape of the Whitney umbrella. 

From the above D9-D9 system, one can compute all induced lower D-brane charges. 
The net D9-brane and D5-brane charges vanish as they should because of the orientifold pro- 
jection. The D7-brane charge is instead, by construction, the right one to cancel the 7-brane 
tadpole, namely 2,2H. 

For the D3-brane charge, (see section H]), there is the contribution from the D9-D9 system and 
one from the 07-plane. Using that the triple intersection number of the hyperplane class H in 
1 1 14 [8] i s equal to 2, a simple calculation leads to the following expected result: 

Q m = 1944 = 2 x^, (57) 

which coincides with the total tadpole predicted by F-theory. Now, in order to separate in (|5"T|) 
the gauge contribution from the gravitational one, recall [2] that the effective D3-brane charge 
induced by the D7-brane-type fluxes ensuing after the F-theory limit from G A is 

-\\ G A AG A =~[ TrFAF = ch 2 (F). (58) 
By construction, the gauge flux on the D7 stack is of the form [22] : 

F = \(28-n)H ( I _° x ) , (59) 



16 The B field here is absent since the degree of the 07 in X$ is even. Therefore the line bundles on the 
anti-D9's are just the inverses. The general situation is presented in subsection 15.61 
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The bulk fluxes part is put to zero here because, as said, no shifted quantization rules arise for them. 
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where the two by two matrix is thought of as taking into account the opposite contributions of 
the D7-brane and of its image. This is a flux in the adjoint of 577(2), aligned with its Cartan 
generator. The D3-tadpole contribution from the gauge flux in (I5T?|) . as seen on the double 
cover threefold, is thus: 

1 f 1 n 
ch 2 (F) = -/ - 2 (n - 28) 2 # 2 ■ nH = - (n - 28) 2 . (60) 
5 2 2 Jx 3 4 2 

This corresponds exactly to the amount one expects from the F-theory calculation, namely to 
—2 x (Ac 2 ) 2 /8. Consequently, by subtracting it from the total tadpole (J57|) . one obtains twice 
the geometric tadpole flo^|) . Notice that in (150"]) . the integration on S*2 is perfectly well-defined, 
since the worldvolume of the D7-stack is non-singular. Moreover, the flux ( |59l) does not induce 
any D5-brane charge, since it is traceless and hence the first Chern character vanishes. This is 
again consistent with the orientifold projection^. 

It is important to note that, for odd n, the half-integrally quantized D7-brane gauge flux (|59|) . 
(required for Freed- Witten anomaly cancellation of open strings attached to the non-spin D7- 
stack), cannot be put to zero. Therefore it necessarily breaks SU{2) to its Cartan torus U{1). 



5.3 Bound states via tachyon condensation 

As already mentioned in the previous subsection, one should be able to connect the SU(2) 
configuration just described to one with a single, recombined Whitney umbrella brane carrying 
all the D7-charge. This is suggested at the kinematic level by the equality of the total D3-brane 
tadpole (154)) . Indeed, this is possible by applying to the tachyon field (155]) a double change 
of base of the D9's and the anti-D9's. In this subsection, we describe the process of brane 
recombination first in the unorientifolded case as a warm-up, and then, in the orientifolded 
case of interest. This discussion is based on [33] , 



5.3.1 Unorientifolded case 

Before directly addressing the case of interest, let us begin by postponing tadpole cancellation 
and orientifolding. To describe a single D7-brane as a condensation of a D9/anti-D9 brands 
we use an exact sequence of line bundles as follows: 

0(-D_+F) ^ 0(F) 0(F)\ D m 

D9 D9 D7 

whereby the notation O(oj 2 ) is the line-bundle of first Chern class u 2 , and D denotes the divisor 
class on which the D7-brane is defined. This sequence describes a D7-brane on D with a line- 
bundle £ with Ci(£) = F — \ D. The third term in the sequence is a skyscraper-like sheaf 
localized on D (the cokernel of the tachyon map T). The tachyon field is then a section of the 
line bundle: 

T e T( (0(-D + F))* ® O(F)) = T(0(D)) . (62) 

Suppose now that two D7-branes with divisor and flux data {D-y, F{) and (D 2 , F 2 ) intersect 
along a curve. Then, the following brane recombination process can be triggered by a FI term, 
provided one chooses the right values for the complexified Kahler modulus: 

(D 1: F 1 ) + (D 2 ,F 2 ) ^ (JDi + D 2 , F) , (63) 

18 Strictly speaking, it is i#chi(F), where i is the D7 embedding in B3, that is forced to vanish. But in this 
case, being F restriction of a class of the target, this is equivalent to the requirement chi(F) = 0. 
19 Alternatively, one can think in terms of D4-branes as D6/anti-D6 condensates. 
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where the recombined brane resides on a divisor class equivalent to the sum of the two con- 
stituent divisor classes. The charge vector (polyform) for a brane (D, F) is in general: 

Tl = QD7 + QD5 + QD3 (64) 

= D+ (F-l D)D+ (±(c 2 (X)D + 4D 3 ) + ±FD(F-D)) , 

whereby the D7-, D5-, and D3-charges are represented by two-, four-, and six-forms, respec- 
tively. If we impose conservation of all three types of charges during the recombination process, 
we arrive at the following unique constraints (modulo redefinitions): 

F 1 -F 2 = D 1 , F = F l7 . (65) 

We would like to describe this process in terms of D9/anti-D9 condensation. We start by 
combining two exact sequences into one as follows: 

0(F 1 - D x ) © 0(F 2 - D 2 ) ^ 0(F 1 ) © 0(F 2 ) -> 0{F x )\ Dl © 0(F 2 )\ D2 . (66) 
Then, the entries of T are sections of the following line-bundles: 

Ta ( 0{D X ) 0(D 2 + F X - F 2 )\ _ fO(D 1 ) 0(D 2 + D 1 )\ 

1 ^\0{D l + F 2 -F 1 ) 0(D 2 ). J-\ O 0(D 2 ). J ^ 

where in the last equality we used the constraints EHJ A general Ansatz for the tachyon matrix 
is then: 

'Ti il) ly2 

r 2 

When the D9's and anti-D9's annihilate, a D7-brane will be left along the locus where T fails 
to be invertible, i.e. along 

\T\ =TiT 2 — X -0i )2 = . (69) 

Here, we see that if ipi j2 = 0, then the system corresponds to the union of two different branes 
on Di and D 2 , respectively. However, switching on a vev for corresponds to recombining 
these two intersecting branes into a single, smooth divisor of class D\ + D 2 . 

In order to see this more directly, we will perform basis transformations on the rank two 
D9-stack, and the rank two anti-D9-stack, respectively: 

R : 0(F 1 - Di) © 0(F 2 - D 2 ) 0(F 1 — © 0(F 2 — D 2 ) , (70) 

L : 0(Fi) © 0(F 2 ) 4r- 0(Ft)®0(F 2 ) (71) 



TG[- ^ ) . (68) 



T^T' = L.T.R . (72) 



R = \ , a, b e C* (73) 



such that the tachyon transforms as 
Choosing 

L = 

we find 

r=(\ — --^j (74) 

The (2, 1) entry is telling us that the first anti-D9 in [66] with flux 0(Fi — Di) is annihilating 
the second D9 in [6S] with flux 0(F 2 — F± — Di), leaving us with just one non-trivial sequence: 

(F 1 - Di- D 2 ) T ^' x ^ {F l ) , (75) 

corresponding to a D7 on Di + D 2 with flux F\. Note, that we could have predicted the rule 
E5] simply by inspecting the off-diagonal elements of T, and requiring that at least one of those 
be a section of the bundle 0{D\ + D 2 ). 
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5.3.2 Orientifolded case 

We now move on to the orientifolded, D7-tadpole canceling case. For simplicity of notation, 
let us focus on our working example, the WFf 1114 [8] geometry. The following 2x2 tachyon 
profile 

T 2 = ( ° P24 ^ V (76) 

where the subscripts indicate degrees, corresponds to the Sen limit of a smooth F-theory four- 
fold. However, we realize that by tuning the entries as follows: 

VW = Vl6-n Pn , P24 = P~24-2n Pn , ^12 = "012-n Pji , (77) 

we arrive at a D7-configuration of the following form: 

detT = P n 2 ^ 2 + e 2 (pr -^ 2 )) . (78) 

This corresponds to a configuration with one Whitney umbrella D7-brane of degree 32 — 2 n, 
and one S"?7(2)-stack on P n = 0. On the other hand, from the techniques in [22], we know 
that this configuration can be described by a rank four D9/anti-D9 pair, with tachyon of the 
following form: 



Ta 



£ P24-2 n 7716-Ti + £ 1pl2-n 

-fjie-n +£^i2-« -£t 



| Pn P24- 



\ 



£Pn P24-: 

-A 














-Pn 



An \ 



Pn 





(79) 



/ 



This describes a Whitney umbrella brane on the upper-left 2x2 block, an SU (2) stack on the 
lower-right block, and two off-diagonal 'binding blocks' whose degrees will be justified shortly. 
T 4 has the same determinant flTHj) . Note, that this matrix is essentially the same as (155)) . except 
that it also has off-diagonal entries. These entries correspond to bifundamental fields which, 
when they acquire non-trivial vev's, will bind the Whitney brane to the SU (2) stack. 

We would like to use the technology described in 15.3. II to connect T4 back to T 2 , in order to 
prove that they are physically equivalent. 

To keep the total D7-charge equal to 32 H, we impose that T 4 be a map T 4 : E h-> E, where 



(80) 



E = 0(14 - n) © 0(2) © 0(a) © 0(-a + n) , a E Z . 
In order for this system to connect to the original tachyon 

T 2 :F^F = 0(14) © 0(2) , (81) 
we impose a = 14. By reshuffling the line-bundles, we can view the rank four bundle E as 

E = F (B 0(14 — n) © 0(n — 14) . (82) 

If we rewrite T 4 in the basis: 



T 4 : 0(-2) © 0(14 - n) © 0(r* - 14) © 0(-14) 
^ 0(14 - n) © 0(14) © 0(2) © 0(n - 14) 



(83) 
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then it takes the following form: 



Ta 



( fj + Z$ A 

Pn 

-£t 

\ 



A 

-fj + a> 

-A 



A \ 




-Pn / 



(84) 



where we drop the degrees for compactness. If we inspect the 2 x 2 in the upper-left and 
lower- right corners, we recognize the pattern of fl68l) . We can now apply transformations of the 
form (1751) to act on the lower and upper block separately: 



(\ 
1 



1 






A 



Vo o o 

(-\ 

Pn 





Ri 



4 J 

0\ 
-A 
1 



/l \ 

10 

1 P n 

VO -A/ 
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R„ 



( 



\ 



1 

A 






0\ 

\ 

1 

1/ 



(86) 



\ 1/ 

After performing these transformations and bringing everything back to the original basis: 

T 4 : O(n-14)eO(-2)©O(-14)0O(14-fi) ^ 0(14- n) 00(2) @0{U)@0{n- 14), (87) 
We have 



(88) 



-f T 

P„(r/ + ^) 

V i o 

To make this result more appealing, we perform one more worthwile basis transformation such 
that 



-1 \ 

Pni-V + ^) 
-iPnP 

o / 







T 4 : 0(-14) © 0(-2) © 0(n - 14) © 0(14 -n) ^ 0(14) © 0(2) © 0(14 -n) © 0(n - 14) , (89) 



Now the tachyon profile takes the following form: 



/ 



Ta 



\ 



P n (-v + Z4>) -£t 






\ 



-rp -i 

1 / 



(90) 



We can immediately identify the upper-left block as a Whitney brane of degree 32, with 
its entries tuned as stated in (1771) . The lower-right block has constant determinant one, which 
means that it is an isomorphism between the D9-stack with 0(14 — n) © 0(n — 14) and its 
image anti-D9-stack. Hence, the lower-right block physically annihilates, leaving us with one 
recombined Whitney umbrella. This transformation goes one step further in showing that T 2 
and T 4 are physically connected than just checking charge conservation. 

This can be generalized to construct a rank N D7-stack on P n = with a Whitney brane 
of degree 32 — 2 N. Starting with the Whitney brane of degree 32 made of a D9-stack with 
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0(2) © (9(14), and its image anti-D9-stack, we simply tag along pairs as follows: 



0(2)8 0(14) ©0(14 - n) © 0(n - 14) (91) 

V v ' V v ' 

Whitney of deg 32 trivial 

©0(14 - 2n) © 0(2n - 14) © . . . © 0(14 - N n) © 0(iVr2 - 14) 

V v ' V v ' 

trivial trivial 

and do the same for the anti-D9's. Adding these pairs is a trivial operation since their respective 
tachyon block will be of the form 

' ■ -1 
1 



(92) 



which is an isomorphism. Then, the next step is to perform a basis transformation analogous 
to the one performed for the Sp(l) case. Instead of doing this explicitly, we can understand 
qualitatively what such transformations do. Before the transformation, we view the branes as 
coming in pairs as indicated in (19~T|) . After the transformation, the branes will be effectively 
paired as follows: 

0(2) © 0(14 — N n) ©0(14) © Oin - 14) (93) 

V v ' V v ' 

Whitney of deg 32— 2n deg n brane 

©0(14 - n) © 0(2 n - 14) © ... © 0(14 - (N - 1) n) © 0(N n - 14) . 

V v ' V v ' 

deg n brane deg n brane 

The very first pair (with its image anti-D9 pair) corresponds to the remaining Whitney brane 
of degree 32 — n, and each of the following TV pairs (with their respective anti-D9 pairs) will 
give rise to a 2 x 2 block in the tachyon profile, corresponding to iV branes on P n = 0. 

We will use this pattern of line bundles when we deal with the general structure of Sp(iV) 
stacks later on in 11101 and 11191 



5.4 General pattern for the SU(2) configuration 

This section shows how gauge flux quantization in SU(2) singular F-theory compactifications 
can be described for general base B 3 . The argument is essentially based on Fulton's formula 
for the total Chern class of a blown- up manifold [4"Tl W2~\ . 

Suppose one characterizes the original Calabi-Yau fourfold as a (singular) hypersurface 
inside a five-dimensional ambient space M5. In any case, the singularity is placed on a codi- 
mension three locus, S 2 G M5, which is itself a perfectly regular surface. Now, one can perform 
the blow-up of S2 as submanifold of M 5 , and one has the following commutative diagram: 

E M 5 

[f (94) 
S 2 M 5 

where E is the exceptional divisor, fibered over 5*2, and M 5 is the blown- up ambient fivefold. 
The singularity is of multiplicity 2 in Z4. Therefore: 

Cl (N A% Z,) = f* Cl {N Ms Z 4 ) - mult Z4 (S 2 ) • E\ 24 = /* Cl (iV M5 Z 4 ) - 2 E\^ 4 , (95) 

where the blow-down map restricted to Z4, i.e. f\^ A '■ Z4 — >• Z 4 , has been implicitly used. In 
this case, Fulton's formula reads |42j : 

c 2 (M 5 ) = rc 2 (M)-j # g*(2 Cl (S 2 ) + Cl (N M5 S 2 )) , 
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where j# is the Gysin map in cohomology induced by the embedding j. By adjunction and 
commutativity of diagram ()94p one gets: 

c 2 (M 5 ) = f*c 2 (M) -£f Cl (M 5 )-j #5 * Cl (5 2 ) . (96) 

The second Chern class of the blown-up Calabi-Yau fourfold Z 4 is easily recovered, again by 
adjunction, as the restriction of (19~B1) . 

The first term in the right hand side of (1961) represents the second Chern class of the pre-blow- 
up ambient fivefold and gives rise to the second Chern class of the originally smooth Calabi-Yau 
fourfold. All the rest, instead, give rise to what has been called Ac 2 in subsection 15. 1\ i.e. the 
crucial additional term due to the blow-up process. Naively using adjunction for S 2 C Z4 C M 5 , 
one has, in the basis of section^, ci(M 5 ) = 6(ci(5 3 ) + F) and 01(5*2) = F + C\(B 3 ) — PD^S^). 
Therefore, formula (19T)1) . after restriction to Z 4 , can be rewritten as follows: 

c 2 (Z 4 ) = llF 2 + 23c 1 (B 3 )F+llc 2 1 (B 3 ) + c 2 (B 3 ) + EPD B ,(S 2 )-7Ec 1 (B 3 ), (97) 

V «/ ' V v ' 

c 2 (Z 4 ) Ac 2 

where the general fact EF = has been used. C\(B 3 ) must be understood as f*n*ci(B 3 ) with 
7r : Z4 —¥ B 3 and EPDb 3 (S 2 ) as j#g*PDB 3 (S 2 ), while F is meant as pulled back by / to Z4. 

Formula (|9"T|) gives the right result (152"]) in the case B 3 = P 3 , discussed in subsection 15.11 It 
also gives the general structure of the second Chern class of the blown-up fourfold for any B 3 
in terms only of the Chern classes of the base and of the class of the brane worldvolume. 

To extend this formula to worse singularities, one should in principle iterate the toric blow- 
up procedure introducing as many new lattice vectors as required for the complete resolution 
of the given singularity (see [13] for a list of such vectors). 

Rather than attempting to perform such iteration, in the next section, we will provide 
the general expression for the gauge field and the tadpole contributions purely in the type 
IIB context for the entire series of Cn gauge algebras (i.e. symplectic groups Sp(N)). We will 
obtain our results by analyzing the Sen weak coupling limit of such F-theory configurations. The 
SU(2) results of this subsection will be recognizable by simply putting N = 1 (Sp(l) = SU(2)). 



5.5 Sp(N) singularities 

Before embarking in the full generalization of the D7-brane gauge flux quantization rules for 
the Sp(N) family of F-theory configurations, it is instructive to first present in detail the case 
of a Sp{2) singularity on a toric degree one divisor of P 3 (for example, X\ = 0). 

Resolving the Sp(2) singularity (Kodaira type 14 s ) requires adding to the fan of the ambient 
fivefold M 5 the two additional vectors [13] t>i = (1,1,1,0,0) and v 3 = (1,2,2,0,0), where the 
first one is the only one needed for Sp(l). It is easy to deduce the following projective weights 
for the various homogeneous coordinates in the game: 
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Therefore, the blow-up generated by v 3 is along the codimension three locus in M5 given by 
X — Y — Vi — 0, which has multiplicity 2 in the proper transform after the first blow-up. The 
final proper transform, whose weight assignments are displayed in (I98p . has the following form: 

Y 2 + ai(x\v if 3 , %i)XYZ + 03,2(^1^1^3, Xi)x\v\Y ' Z z = viv^X 3 + a 2 (x 1 v 1 v 3 , Xi)X 2 Z 2 + 
+04,2(^1^1^3, Xi)x\viXZ 4 + a 6t i(xiViV 3 , Xi)x\v\Z % i — 2, 3, 4 , (99) 
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The Stanley-Reisner ideal of the blown-up ambient toric variety is: 



SR ideal : {X1X2X3X4 ; XYZ ; X\XY ; X2X3X4V1 ; V\Z ; V\XY ; X2X3X4V3 ; V3Z ; X1V3} . (100) 

From the last element one readily deduces that the exceptional divisor ensuing from the second 
blow-up, E3, does not intersect the affine node x\ = of the resolved fiber. This means that its 
corresponding Cartan node must be the one of the Dynkin diagram of Sp(2) which is invariant 
under the non-split monodromy. In other words it is the middle node of A 3 invariant under 
the symmetry whose folding gives rise to the Sp(2). 

After having gauge fixed all the non-zero coordinates, the exceptional divisor E\ is given by 
the following genus zero quadratic curve fibered over S" 2 — Pl£ : 

Y 2 + ai(xi)Y - a 2 = . (101) 

Analogously, the exceptional divisor E3 is given by a fibration of the irreducible quadratic P 1 : 

Y 2 + ai(xi)XY + a 3i2 (xi)viY = a 2 (xi)X 2 + a 4y2 {xi)viX + a^{xi)v\ . (102) 

Finally, the affine curve is linear, as expected (see appendix [B]) , and it is given again by formula 
fll4ip with v = V\. By intersecting E\ with E 3 one obtains the usual Z 2 -fibration over S 2 , with 
fiber given by the two points: 

Y ± = — i y-^— — 2 . (103) 

The Z 2 -fiber degenerates over the 07, h = a\ +4a 2 = 0. Those two points can swap over along 
closed paths on the base. The same happens to the intersection between E\ and the affine 
node. All this corresponds to the exchange of the two external nodes of A 3 , or, put differently, 
to a pairwise exchange of the four D7's realizing the S77(4) gauge group. 
The second Chern class of the blown-up fourfold Z 4 is: 

c 2 (Z 4 ) = c 2 (Z 4 ) + Ac 2 , (104) 

where the first term is the usual one of the smooth case (first piece in (152"]) ). while the additional 
term reads: 

Ac 2 = -H(27E 1 + 52E 3 ) . (105) 

The intersection numbers have been computed by means of SAGE [23] and the results are the 
following: 



X (Z 4 ) 1267 

(106) 



24 2 
(Ac 2 ) 2 677 



8 2 

By subtracting these two contributions, one obtains the usual D3-brane total tadpole udz = 972: 
This constitutes a non-trivial check of the validity of the results. 

It is now time to interpret these quantities from the weak coupling type IIB perspective, 
via Sen's limit procedure. This will lead us to the correct expression of the Freed- Witten gauge 
flux on the D7 stack. From (11061) . one deduces that c 2 (Z 4 ) is odd. Therefore, a gauge flux on 
the stack of four D7-branes is expected, which is quantized in terms of half-integers. 
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L>9i D9 2 D9 3 D9 4 D% D% 

0{12H) 0(2H) 0(-13H) O (UH) O (-12H) O (13H) . 

In order to realize a supersymmetric configuration of two D7-branes and two image-D7- 
branes on top of each other, wrapping the toric divisor x\ = C P 3 , transverse to the 
07-plane, one needs six D9 branes and six anti-D9-branes. By requiring conditions analogous 
to the ones of the SU(2) case, and following the procedure explained in l5.3.2[ one ends up with 
the following Whitney sum of line bundles on the D9-branes (with the conjugate bundles on 
the anti-D9's): 

The tachyon field will be a 6 x 6 matrix with determinant: 

detT = xttf + etp-^ 2 )), (107) 

where the separation of the two D7-brane components is evident, namely, the Sp(2)-stack and 
the singular Whitney umbrella D7-brane. 

From the above D9-D9 system one readily computes the various lower dimensional D-brane 
charges: The D9 and D5-brane charges vanish as they should; the D7 charge is the right one 
for the tadpole, namely 32H. Finally, the total D3-brane charge is again equal to 1944, which 
confirms that this configuration is connected to the smooth elliptic fourfold on P 3 by brane 
recombination/separation processes. 

The gauge flux induced by tachyon condensation on the D7 stack turns out to be of the following 
form: 
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) 



\E(21C V + 25C 3 ) , (108) 



where C\ = diag(l,0, —1,0) and C 3 = diag(0, 1,0, —1) are the two Cartan matrices of Sp{2). 
In particular, C\ corresponds to the Cartan node already present in the SU (2) it has 

the same coefficient in front (see fl59l ). Moreover, we see that such a gauge flux in the adjoint 
of Sp(2) is quantized in terms of half integers along both the chosen Cartan directions, and it 
necessarily breaks Sp(2) to its Cartan torusE^I U(l) 2 . Finally this gauge field generates exactly 
the gauge contribution to the D3-brane tadpole expected by the F-theory computation: 

ch 2 (F) = 677, (109) 

s 2 

as one can see from formula f ll06p . 

It is now very easy to guess the behavior of higher rank symplectic singularities. The general 
formulae for any Sp(N) will be given in the following directly for a D7 stack wrapping a divisor 
of P 3 of any degree n. Notice, however, that N cannot be arbitrarily large: Indeed, for N > 6, 
the order of zero of the discriminant at that singularity is greater than 10, resulting in the loss 
of triviality of the canonical bundle of the fourfold. 

Let Sp(0) = 1 by convention, which corresponds to the smooth case of section [3J Sen's limit 
for the F-theory Sp(N) configuration on P n = C P 3 can be built from 2N + 2 D9-branes and 
2N + 2 anti-D9-branes. Following the procedure in I5.3.2[ we deduce that the gauge bundle on 
the D9's consists of the following Whitney sum of line bundles (with the conjugate bundles on 
the anti-D9's): 

N 

£>((14 - nN)H) © 0{2H) [0((in - U)H) © 0((U - (i - l)n)H)} . (110) 



20 More precisely, this is the Cartan torus generated by C\,Cz. Strictly speaking, the gauge flux f| 108[> still 
preserves the Sp(l) factor with orthogonal Cartan generator in the Killing metric. 
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The tachyon field is a (2N + 2) x (2N + 2) matrix with determinant: 

detT = P n 2A V + £ 2 (p-^ 2 )). (HI) 

Consistency requires nN < 12. One can verify that the Ansatz (IllOp fulfills, upon tachyon 
condensation, the requirements of vanishing of D9 and D5-brane charge and of right tadpole- 
canceling D7-brane charge. Moreover, a straightforward computation shows that it also predicts 
the right total D3-brane tadpole, namely 1944 in the double cover, as found from the F-theory 
perspective. This family of configurations is therefore entirely connected to the smooth case by 
means of a change of basis performed on the tachyon, as expected from 15.3.21 

The gauge flux induced on the stack of N D7's plus N anti-D7's turns out to be of the 
following form: 

1 N 

F = -H (28 - n(2i - 1)) C 2i -i with {C 2 i-i)jk = kj S ik - S i+Nd 6 i+N , k , (112) 

i=l 

where Cn-\ are the N, 2N x 2N Cartan matrices of Sp(N). The contribution of such a gauge 
field to the D3-brane tadpole then reads: 

nN 



Tadpole) 



N 2 - 1 

(28-nNf + n 2 - 



(113) 



while the contribution due to gravitational interactions obviously reads 

nN 



Tadpole | grav = 1944 



, 9 9 N 2 - 1 
(28 - nA^) 2 + n 2 — - — 



(114) 



We have checked this general formula numerically also for the cases with Sp(3) and Sp(A) on 
SAGE, finding complete agreement. 

It is clear that, when n is even, namely the D7 stack is wrapping a spin manifold inside P 3 , 
regardless of the value of N, ( I112p . ( 11 1 3 p and (jl 14j) are all integral quantities. In particular, 
the gauge flux on the D7-branes is integrally quantized and there is no topological obstruction 
in putting it to zeroj^] On the other hand, if the stack is not spin (if n is odd) then (11121) 
implies that a gauge flux on it is generated to compensate for its Freed- Witten anomaly. The 
quantization of this flux gets shifted by /iai/-integers along all the chosen Cartan directions 
of the gauge group Sp(N). This unavoidable flux breaks Sp(N) to the Cartan torus U(1) N 
parametrized by Cn-\- However, as already stressed for the Sp(2) case (see footnote l20|) . 
the SU (N) gauge group orthogonal to the Cartan direction (11121) survives, so that the group 
SU(N) x U(l) is left unbroken by the half-quantized flux. This matches with the expectations 
from many models available in the literature (see for example |46j). 

To summarize, in the physical transition from a single D7-brane to an Sp(N)-sta,ck plus 
a 'remainder' brane, a flux is created on the former stack. If the D7 stack wraps a non-spin 
manifold, this gauge field is already sufficient to make the path integral measure of open strings 
attached to the D7 stack well-defined [21]. Hence, no further topological obstruction is allowed. 
This argument rules out the possibility of having gauge bundles without vector structure, which 
would imply [15] the presence of a non-trivial 't Hooft magnetic flux and, consequently, a new 
ambiguity of the measure. Finally, the gauge contribution to the D3 tadpole (I113p (and clearly 
also the gravity one, (I114p ) is an integer even in the non-spin case, as long as the rank of 
the original gauge group, N, is even, in agreement with the results found from the F-theory 
perspective] 



^2 



21 Notice however that by doing so one unavoidably changes the total induced D3-brane charge. This violates 
the kincmatical constraint necessary to connect by physical processes this family of singular configurations to 
the smooth one. 

22 Rccall that here one is counting the D3-brane charge contributions from the point of view of the Calabi-Yau 
threefold double cover of P 3 , so its value is twice the one found in F-theory. 
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5.6 General pattern for Sp(N) configurations 

The only thing left to discuss as far as Sp(N) singularities are concerned, is the generalization of 
the above formulae to any base B 3 of the elliptic fibration and to any degree of the 07-plane as 
a divisor of the base (in the toy model example it was of degree 4). An additional complication 
arises here because, as discussed in subsection HJ when the 07-plane has an odd degree, a non- 
trivial B-field is required. Recalling the construction of the double cover Calabi-Yau threefold 
over the base B 3 , the Chern class of the normal bundle of the 07-plane in B 3 is equal to the 
one of the anti-canonical bundle of B 3 itself. Therefore, it is useful to define: 



G 



Cl (B 3 ) = lPB B3 ({h = 0}) e H 2 (B 3 , 
PD x M = 0}) e H 2 (X 3 ,Z), 



(115) 
(116) 



where £ is the homogeneous coordinate transverse to the 07, and ir is the orientifold projection. 
Let also p be a ^-parameter measuring the obstruction for B 3 to admit spin structure, namely: 



P 



w 2 (B 3 ) = 
w 2 (B 3 )^0. 



Let finally D be the Chern class of the normal bundle of the D7-branes stack inside B 3 : 

D = PD B3 (S 2 ) G H 2 (B 3l Z), 



117) 



118) 



where £2 is the divisor of X 3 wrapped by the stack. In what follows, all the cohomology classes 
defined so far will be implicitly meant pulled-back to the Calabi-Yau threefold. 

It is easy to find that the Sen weak coupling limit of the F-theory configuration with Sp(N) 
singularity (N > 0) on the divisor S 2 C X 3 can be obtained upon tachyon condensation of a 
system of 2N + 2 D9-branes and 2N + 2 anti-D9-branes, with gauge bundles as follows: 
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{7 -p)G-ND 
o(iD-\(7 + p)G 
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0[ND--(7 + p)G 



l-p)G\ © 
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--(l+p)G 



N r 
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i=i 



and with a B-field of the form: 



Oi-(7-p)G-iD 



O 



l)D--{7 + p)G 



B 



P 



G. 



(119) 



(120) 



One can easily show that the above D9-D9 system induces the right lower D-brane charges, 
provided one computes them taking into account the B-field (11201) . as in subsection HI The 
D9-brane and D5-brane charges vanish; the D7-brane charge density is 8G distributed among 
the Whitney and the Sp(N)-sta,ck; finally the total D3-brane charge density is independent of 
the values of p, N and it reads: 



Q 



D3 



29 r3 



^c 2 (X 3 )G. 



(121) 



This agrees with (I2"9"j) and (1311) for the smooth case, assuming that the Whitney umbrella has 
generic shape (saturation of the bound). The total D-brane charge (as seen by the double 
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cover) is obtained by integrating (11211) over the Calabi-Yau threefold A3. 

The induced gauge flux on the stack of D7 and anti-D7-branes is the following: 



1 N 

F = -J2((7-p)G-(2i-1) D) C 2 i_x , (C 2l ^) jk = Sij S lk - 6 i+N>j S i+N , k , (122) 

i=l 

where G and D are meant restricted to S 2 . Again this flux breaks the gauge group Sp(N) down 
to SU (N) xU(l). Note that the quantization condition of the gauge flux (I122p is still regulated 
only by the even/odd-ness of the class D of the stack, i.e. by the first Chern class of the normal 
bundle of S 2 in A 3 . Indeed, the first term in the expression (11221) is always an even class, due 
to (11171) . Hence, the reduction modulo 2 of the cohomology class ((7 — p)G — {2i — 1)D) \$ 2 
is w 2 (Nx 3 S2) = w 2 (S 2 ). Therefore, the gauge flux (I122p is the right one to cancel the Freed- 
Witten anomaly of the D7 stack wrapping S 2 , having holonomy in the class w 2 (S 2 ) [24"t 
The gauge contribution to the D3-brane charge density induced by the flux H122[) is: 



N 

Q gauge = ~T" D 



N 2 - 1 

(7G-ND) 2 + D 2 



(123) 



Then, clearly, the gravitational contribution reads: 

Qgrav Q D3 Qgauge i 

(124) 

with Q03 as in (I12ip . Putting N = 1 in the square brackets of eq. (11231) . one recognizes the 
same structure of (Ac 2 ) 2 , with Ac 2 as in Fulton's general formula (j97|) . It would be interesting 
to find an iteration of Fulton's formula in the case of more than one blow-up (N > 1) and verify 
that its structure agrees with eq. (I123p . 



6 Summary of results and outlook 

In this section, we summarize our main results for the convenience of the reader, and conclude 
with an outlook on our forthcoming work. 

• For any smooth, elliptically fibered Calabi-Yau fourfold Z4 with a globally defined Weier- 
strass representation, we find that 

Since choosing G4 = c 2 {Z^) /2 would correspond to a IIB flux that breaks 4-dimensional 
Poincare invariance, this result implies that such fluxes, being always integrally quantized, 
can be shifted to zero. Hence, no smooth F-theory fourfolds are ruled out. 

This result also implies that no shifted quantization rule for the 7-brane gauge flux arises 
when the F-theory fourfold is free of non-abelian singularities. 

• A bulk B-field must be switched on in the type IIB weak coupling limit of an F-theory 
compactification, whenever the orientifold 07-plane has an odd Ci(07). 

• For an Sp(N) (1^) Kodaira singularity on P n = C P 3 , with P 3 the base of the elliptic 
fourfold, the total induced physical D3-brane charge (i.e. as computed on P 3 ) is: 

U D3 — "^TTj ■ ~ 1 [ Cmin A G m i n = 972 , 

24 J Zi 
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where Z4 is the resolved fourfold, and G m i n = AC2/2 is the minimal, obligatory, half- 
integrally quantized flux arising from the resolution of the singular Z4. 

The flux-induced tadpole is: 



n 



flux 
D3 



nN 

T 



(28 - nN) 2 + n- 



N 2 



while the remainder is due to gravitational interactions. 

The gauge flux on the D7-brane stack generating the above contribution to the D3 tadpole 



is: 



1 N 



with 



(C2i-l)jk — Sij 5ik — 5i + N,j Si + N,h 



i=l 



H being the hyperplane class of the 'upstairs' CY threefold WFf .1 1 1 4 [8], and Gn-\ the 
2^ x 2N Cartan matrices of Sp(N). Such a flux breaks the gauge group Sp(N) to 
SU(N) x C7(l). Results for the smooth configuration are recovered by just putting N = 0. 

For an Sp(N) singularity on a divisor S 2 of a general Kahler base manifold B 3 , and a 
double cover CY threefold X 3 , the induced physical D3-brane charge (i.e. as measured 
on B 3 ) is: 



n D 3 



- I 29 7r*c 1 ( J B3) 3 + c 2 (X3)7r* Cl ( J B 3 ), 



where it : X3 — > B% is the double cover projection. The gauge contribution to this D3 
tadpole is: 
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gauge 
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7T* { PD B ,S 2 



(7 Cl (B 3 )-NPD B3 S 2 ) 



N 2 -l 



(PD B3 5 2 



where PD denotes Poincare duality. The gravitational contribution is simply n g [ a 



qauqe 

n D3 ~n D 3 ■ 



D3 



Finally, the gauge flux on the D7-brane stack wrapping the divisor S 2 is: 
1 N 

F = - ^2 t( 7 ~ P) c i(^3) - (2i - 1) PDB3S2] \s 2 C 2i -i , {C 2 i-i)jk = Sij S ik - S i+N>j S i+N)k . 



i=i 



Again such a flux breaks the gauge group Sp(N) down to SU (N) x [7(1). The bulk B- field 
reads: 



B 



V 



ci(B 3 



where p — 0,1 according to whether B 3 is spin or not respectively. 

Again results for the smooth configuration are recovered by just putting N = 0. 



We would like to stress that these results constitute a non-trivial check of the intuition 
behind the correspondence between M/F-theory and IIB fluxes. As stated in the introduction, 
the sharp distinction between IIB bulk fluxes and 7-brane worldvolume fluxes is blurred in F/M- 
theory. Moreover, some 7-branes fluxes can be delocalized altogether when uplifted to GVfluxes 
in F/M-theory, making it harder to track the physical origin of a shift in their quantization. 
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Clearly the first and most important thing to do is to generalize our results to singulari- 
ties other than of Cjv-type. This will shed light on the mechanism of Freed- Witten anomaly 
cancellation for general non-perturbative bound states of 7-branes with general gauge group. 

So far we have only been addressing the second of the two impacts mentioned at the begin- 
ning of section |2] of a "generalized" Freed- Witten anomaly for F-theory, namely, the effects on 
flux quantization rules. 

Actually, the M-theory G-flux suffers from another subtle topological effect, specifically, the 
necessary and sufficient (torsion-like) condition for anomaly cancellation. Indeed, Witten has 
conjectured [3T| that the topological type of the G-flux restricted to the worldvolume of an 
M5-brane is constrained by a torsion class in the fourth integral cohomology of the M5 world- 
volume. It would be very interesting to investigate the consequences that such condition has 
in the F-theory context, including its effects on flux quantization conditions. 
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A Toric resolutions 

In this appendix we present some basic techniques of toric geometry for illustrative purposes. 
They should be sufficient to understand all the steps of the blow-up processes performed in 
section to resolve non-abelian singularities. For a more complete treatment, the reader is 
referred to [2T1H8] . 

We will construct the fan of the ambient variety of K3, which can be easily visualized, as 
a WF2 3 1 -fibration over the 2-sphere. Then, we will force the Kodaira singularity of type I2 on 
a toric divisor of the base and deduce the projective weight assignments for the blown-up K3. 
Finally, and most importantly, we will show that the resolved K3 is still an elliptic fibration 
over the 2-sphere, but with a iwo-component fiber: The affine node and the Cartan node of 
the extended Dynkin diagram of SU(2). 

Consider the following parameterization of the K3 surface: 
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where the homogeneous coordinates of the base P 1 are called x\, xi- The Weierstrass polynomial 
describing K3 as a divisor of the ambient threefold, will generically be a sum of monomials like 
the following 

x a+l X b+1 yc+1 Z d+1 x e+l ^ ( 126 ) 

with a, b, c, d, e integer numbers. First of all, these numbers are not all independent, due to the 
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two projective rescalings. Thus, compatibility with (I125j) clearly requires: 
a + e-2d = f d = -2b - 3c 
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(1 • 


o , 
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e > 


-1 


(-1 , 


-4 , 


-6) 


x 2 , 



2b + 3c + d = \e = -a - 4b - 6c ' ^ l2 ^ 

Moreover, they are subjected to several conditions, which can be represented as vectors in an 
integral three dimensiona@ lattice in the following way. Write the generic condition as: 

Wia + w 2 b + w 3 c > —1 . (128) 

Then, the lattice vector corresponding to a given condition will have coordinates (wi, w 2 , w^). 

There are conditions which are always present. They guarantee that the Weierstrass equa- 
tion is well-defined, namely, the positivity of every exponent in ( 11261) . Thus, one has: 



(129) 



where the third column assigns to each vector the coordinate whose exponent is displayed in 
the first column. For a smooth K3, this is the end of the story, and the vectors in (1 1 2 9 [) make 
up the so called fan of the ambient toric variety of the K3. 

For each further condition imposed, one gets a new vector with a new associated coordinate. 
The new vector represents some constraint on the coefficients of the Weierstrass polynomial, 
which may generate a singularity of the K3. The new vector together with the previous ones, 
make up the fan of the blown-up ambient threefold. 

From the coordinates of the vectors in (I129p . one realizes that the vector associated to Z 
comes between the ones associated to X\ and x 2 , thus breaking the convex cone made by the last 
two. This implies that X\X 2 is an element of the Stanley-Reisner ideal of this toric variety, and 
thus these two coordinates make up a 2-sphere. Moreover, it can be shown that the whole toric 
threefold is a fibration on such a P 1 . This can be quickly seen by verifying that the projection 
along the line generated by X\ does not destroy any cone. The fan of the fiber is finally singled 
out as made by the vectors in the kernel of such a projection. These are obviously X, Y and 
Z (they all have zero in the first entry), and consequently XYZ constitutes the other element 
of the Stanley-Reisner ideal. 

Now it is the moment to force the type l 2 singularity for example on the toric divisor x± = 
of the base. In analogy to (11341) . the singularity of K3 will be located on the codimension three 
place in the ambient threefold (i.e. a point) described by X = Y = x\ = 0. According to 
table [TJ the only new condition to impose is that each monomial in the Weierstrass equation 
should be at least quadratic in those three coordinates. Therefore, looking at (11261) and (I128p . 
the right lattice vector to be added is (1, 1, 1) and the associated coordinate will be called v. 
One is blowing up the locus X = Y = x\ = in the original ambient threefold because v 
destroys the cone given by those three coordinates and the element XYx\ must be added to 
the Stanley-Reisner ideal. Therefore, knowing all the lattice vectors, one can easily construct 
the table of projective weights for the blown-up ambient threefold and for the proper transform 
equation, which will no longer have the Weierstrass representation: 
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(130) 
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The dimension of the lattice is always equal to the dimension of the ambient space. 
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Again, this toric manifold is a fibration over a 2-sphere, whose coordinates now are (vx\, X2), as 
they both have projective weights (1,0,0) in f)130p . One can deduce that the Stanley- Reisner 
ideal gains two elements, vx 2 vZ. 

The fan of the fiber is still made by the vectors corresponding to X, Y and Z. The fiber 
of the blown- up K3 over a generic point of the base is everywhere a T 2 , given by the proper 
transform on that point, except for the locus vx\ = 0. Indeed, as it is manifest, on this base 
point the fiber splits into two parts given by the proper transform in which one puts v = and 
X\ — respectively. The X\ = component has the topology of a degree one P 1 . The v = 
component, instead, is a quadratic P 1 , in the P 2 defined by the coordinates X\,X,Y. The two 
components intersect in two points, as seen by imposing v — X\ — in the proper transform 
equation. The v — component is the true exceptional divisor and thus represents the Cartan 
node of the SU(2) Dynkin diagram. The X\ — component represents the affine node of the 
extended Dynkin diagram of SU(2). 

As last useful information, the relation between this toric blow-up and the one performed 
with "traditional" methods is as follows. Introduce a P 2 with homogeneous coordinates s, 
t and u. This is the auxiliary space used to perform the traditional blow-up of codimension 
three locus. Then, the map which links the toric method to the latter is the following: 

cp : (x 1 ,x 2 ,X,Y, Z,v) — > (xi,x 2 ,X,Y,Z,s,t,u) = (vxi, x 2 , vX, vY, Z, X, Y, xi) . (131) 

Indeed, the table of projective weights of the new homogeneous coordinates is: 

X\ x 2 X Y Z s t u 

"1 1 -2 1 , s 

2 3 1 2 3 1 ] 

1 1 1, 

which are exactly the right weight assignments for the homogeneous coordinates of a toric three- 
fold blown-up with traditional techniques. They are compatible with the (two independent) 
blow-up constraints that impose (s,t,u) ~ (X, Y, X\), namely 



1 . (133) 




B The type I2 Kodaira singularity 

The aim of this appendix is to describe in detail the geometrical features of the type 1 2 Kodaira 
singularity and of its toric resolution in a simple toy model. For notations and techniques 
adopted, see the appendix fAI 

Tate's classification, prescribes to drop from the Weierstrass equation in the Tate forrrQ 

Y 2 + a x XYZ + a 3 YZ 3 = X 3 + a 2 X 2 Z 2 + a 4 XZ 4 + a 6 Z 6 , (134) 

every monomial that is not at least quadratic in those three coordinates. The analysis here is 
parallel to that in appendix 13 except for the two spectator base coordinates, £3 and X4. The 

24 See [33] for the notations. 
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fan of the resolved ambient toric fivefold M5, which is a WF 2 . 3 j-bundle over P 3 , is the following: 
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(135) 



The last two columns in (I135p play no essential role in the blow-up procedure, so one can 
disregard the coordinates, x 3 and £4, which span the 4-5 plane in the five dimensional lattice. 
The variety represented by this fan is also readily recognized as a fibration on a P 3 , with the 
following projection map: 



7T : (x 1 ,x 2 ,x 3 ,x 4 ,X,Y, Z,v) 



[X 1 ,X 2 ,X 3 ,X 4 ) 



{VX 1 ,X2,X 3 ,X A ) 



(136) 



The fan of the fiber is generated by X, Y and Z. From (11351) we deduce the table of projective 
weights for the ambient M5 and for the proper transform which describes the blown-up Calabi- 
Yau fourfold as an hypersurface of M 5 : 
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Finally, the Stanley-Reisner ideal is: 

SR ideal : {xiX 2 x 3 X4 ; XYZ ; X\XY ; x 2 x 3 x^v ; v Z} . 



(138) 



The equation of the proper transform is 

Y 2 + ai(xiv, Xi)XYZ + a 3t i(xiv , Xi)x±YZ 3 
+a^i(xxv, Xi)xiXZ 4 + a S:2 (xiv, x^xjZ 6 



vX A + a 2 (xiv, Xi)X 2 Z 2 + 



i = 2,3,4 



(139) 



This has manifestly lost the Weierstrass representation, where the polynomials depend on the 
coordinates of the new P 3 base. 

As explained in appendix [AJ the fiber is everywhere elliptic on the base except where the 
former singularity was, namely, in the new coordinates, X\v = 0. Here, the fiber splits in two 
components: v = 0, is the fiber of the exceptional divisor of the blow-up, and it represents the 
Cartan node of the SU(2) Dynkin diagram. The other component, x\ = 0, is the affine node of 
the extended diagram, present also in the non-singular case, and it is fibered over the divisor 
S 2 ~ P 2 with coordinates x 2 , x 3 and X4. The exceptional divisor itself is also fibered over S 2 , 
and it is given by simply substituting v — in eq. (11391) : 

Y 2 + ai {xi)XYZ + a^ix^YZ 3 = a 2 ( Xi )X 2 Z 2 + a^x^X Z 4 + a^ 2 (xi)x\Z & , (140) 



where % = 2,3,4. Since Z must be different from zero when v = (see (I138P ). one can gauge 
fix Z = 1 in the above equation, which, afterwards, appears as an irreducible non-singular 
quadratic equation describing a P 1 of degree two in the P 2 of coordinates (x±,X, Y). The other 
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component, namely the affine curve fibered over 52 is obtained by substituting x\ = in eq. 
(H39]): 



Y 2 + a x {xi)XYZ = vX 3 + a 2 [x i )X 2 Z 1 , (141) 

where again % = 2,3,4. Notice that X must be different from zero in the above equation, 
otherwise Y would be forced to be also vanishing, which is not allowed by (|138p . Therefore, 
one can gauge fix X = 1 and realize that the above equation will become linear and describe a 
degree one P 1 with coordinates (Y, Z) by eliminating the coordinate v in favor of them. 

It is worth to probe a bit more this illustrative example, in order to see the properties of 
the intersections of these two components and describe their relation with D7-branes. 

Here, we are really dealing with the type 1™ Kodaira singularity (see table dj taken from 
[4*3]). although in the general treatment of geometric singularities the separation between split 
and non-split case starts at the next step of Tate's algorithm, that is I3 for this branch. Indeed, 
as it appears from the table, already for I2 the two cases differ for the order of zero of 02: If a 2 = 
modxi, then one has the true SU(2) gauge group, otherwise, in case a 2 is completely generic, 
one has the group Sp(l) which is anyhow isomorphic to SU(2). The 1™ has a perturbative 
realization, whereas the I2 does not (see for instance [H] for SU(5)). 
Nevertheless, the difference between the two cases shows up upon analyzing the intersection 
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Table 1: Tate's algorithm. When the group is not specified it is Abelian, and the * on the groups 
SO (4k + 4) means that a further factorization condition must be imposed. 

between the Cartan node and the affine node of the blown-up fiber. Such an intersection is a 
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codimension three locus in M5 (made by two points fibered over S 2 , as shown later) and, in the 
non-split case, it reads: 

v = 

xi = (142) 
Y 2 + ai (xi)XYZ - a 2 (xi)X 2 Z 2 = i = 2, 3, 4 . 

The difference between split and non-split resides in the possibility of factorizing the above 
polynomial: In this more generic non-split case, such polynomial cannot be factorized, and 
monodromies occur along the brane worldvolume S 2 . Notice, however, that here what are 
undergoing monodromies are actually the two intersection points between the two components 
of the blown-up fiber, rather than the two components themselves (as in the following non-split 
cases of the algorithm). So there is no folding of the Dynkin diagram, the latter being made 
only of one Cartan node (Ai). 

On the other hand, in the less generic split case, the last monomial in f 1 1 42 j) becomes 
a2,i(zi)xivX 2 Z 2 , and thus the polynomial factorizes. Therefore, no monodromy will exchange 
the two intersection points. 

To see more geometrically this codimension three manifold described by (I142p . first go to 
a basis in which the blown-up ambient fivefold and the proper transform have the following 
weights: 
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Since, by (I138p . Z 7^ in (I142p . one can fix the second gauge by taking Z — 1. Then, taking 
into account v = x\ = 0, the residual SR-ideal will be made by XY and X2X3X4. Thus, the 
ambient toric threefold is a IP^y-bundle over S 2 — ^x 2 23x4,1 as can be seen below: 



%2 


X-3 


£4 


X 


Y 


proper transform 


%2 


£3 


£4 


X 


Y 


proper transform 


1 


1 


1 


8 


12 


24 


1 


1 


1 





4 


8 











1 


1 


2 











1 


1 


2 



(144) 



On this ambient threefold one is imposing what remains of the proper transform, namely the 
equation Y 2 + a\XY — a 2 X 2 = 0. Here, one can gauge fix the last C*-action (second row 
in f)144p ) by taking X = 1. Finally, one arrives at the following degree eight equation in the 
previous ambient threefold, seen now as W^P^ 114 : 

Y 2 + a x { Xi )Y - a 2 {xi) = i = 2,3,4. (145) 

We can see that the intersection between the exceptional divisor and the affine one is a Z2- 
fibration over S 2 , where, over each point of the brane worldvolume the fiber consists in Y±, 
which are the solutions of (11451) . The fiber degenerates in one point on the curve given by the 
vanishing locus of the discriminant of (11451) . i.e. af + 4a 2 = 0. 

What is the physics behind all that? These two points are locally described by the two 
different functions Y±(xi), and represent the positions of the two D7-branes making together 
the stack on which the SU{2) gauge theory lives. On the curve a\(xi) + 4a 2 (xj) = 0, the two 
points degenerate into one, Y + {xi) = Y_(xi) = —a 1 (x i )/2. 

In Sen's weak coupling limit, the two D7's in question are geometrically invariant under the 
orientifold involution. However, the orientifold action swaps them. Therefore, the 07 resides 
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where the D7-brane intersects its image, namely where Y + and Y"_ coincide. Hence, the 07 will 
wrap the degree eight divisor h = a\ + Aa 2 inside B%. In type IIB, however, the two D7-branes 
coincide on the non-singular divisor x± — 0. In the F-theory lift, they are only separated along 
the fiber direction. 

A priori, one could expect that the enhanced singularities along higher codimension loci on 
the SU (2) 7-brane are not resolved by just blowing-up the SU (2)-singularity as we described. 
In appendix [C] we prove that they do get resolved, and no further singularity remains. 



C Smoothness of the blown-up fourfold 



In this appendix, we present a simple calculation to prove that, in the case of I 2 S singularities, 
the blow-up induced by the lattice vector v = (1, 1, 1, 0, 0) is sufficient to completely resolve the 
elliptic Calabi-Yau fourfold. In other words, by solving the singularity over the SU(2) 7-brane, 
all other singularity enhancements at higher codimension are automatically resolved too. 

It is expected that the same conclusion holds for worse singularities, provided all the blow- 
up's induced by the relevant lattice vectors are performed. A list of such vectors corresponding 
to any given Kodaira singularity can be found in [43] . 

Suppose we have an SU(2) singularity on x\ = C P 3 . Consider the proper transform of 
the elliptic fibration after the blow-up induced by v. 



Y 2 + ai(x\v , Xi)XYZ + a 3> i(xit> , Xi)x{Y Z 3 
+a A) x(x 1 v, x^XxXZ 4 + a 6)2 (xii>, x^)x\Z % 



vX 3 + a 2 (x 1 v,x i )X 2 Z 2 
% = 2,3,4, 



(146) 



and compute its gradient V. Since any possible residual singularity in f ll46p must lie on the 
exceptional divisor, it suffices to restrict the gradient to the submanifold v = 0. Gauge- fixing 
Z = 1, one obtains: 



\ 



a x XY 



6a^ 2 xj 



(147) 



a{Y — 2a 2 X — a^\X\ 
2Y + a\X + 03,1X1 
303^X1!^ — 2ci2X 2 — 4a 4 \X\X 
03 \ Y — 04 1 X — 2dg 2X1 
diOiXY + c^g^iXiF — dia 2 X 2 — 9 i a 4i iXiX — dia &)2 x\ 
\ d\aiX\XY + 9ia 3i ixf Y — X 3 — dia 2 xiX 2 — dia^ixjX — dia Gy2 x\ J 

where the eight rows are the derivatives of f)146p with respect to X, Y, Z, x±, Xj, v respectively 
and d\ means the derivative of the polynomials with respect to the first argument. In analogy 
with the notations of [43], define: 

b 2 = a\ + Aa 2 , 
641 = aia 3) i + 2a 4 , 
fe 6,2 = a\ i + 4a 6,2 , 



1 • 



(148) 



where b 2 = h is the 07-plane in the weak coupling limit. Then, after some algebraic manipu- 
lations, the conditions of vanishing of the gradient read: 



Y 

b 2 X + 6 4j iXi 
b^\X + 6 6 ,2Xi 
b 2 X 2 + 46 4 ,i^i^ + 36 6 ,2X? 
4A 3 + (d^X 2 + 2d l b A)l x 1 X + 9ife 6i2 x?)xi 
dib 2 X 2 + 2d i b 4A x 1 X + dib^ 2 x\ 



aiX+a 3 111 











(149) 
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From the above equations, we see that residual singularities of the blown-up fourfold (if any) 
cannot lie on the intersection between the exceptional divisor and the affine component of the 
resolved fiber, X\ — 0. Indeed, the fourth equation would imply X = and so, by the first 
equation, Y should vanish too, which is impossible in the ambient variety. 
Therefore, one can gauge- fix in (11491) x\ = 1. Now a case-by-case analysis is needed. 

• If X = 0, then & 41 = 6 6 2 = <9/&6,2 = (/ = which are too many conditions to be 
imposed on S 2 , and thus generically no solution is found. 

• If X 7^ 0, but b 2 = 0, then again there are too many conditions on S 2 , namely b 2 = &4,i = 
64,1 = 0, plus others coming from the derivatives. 

• If X 7^ and also b 2 7^ 0, then X = —b^i/b 2 , with 6 41 7^ 0. Both the third and the fourth 
equation above implie b$ t2 = ^6,2 ~~ b\ x — 0, which restricts to a curve in 5*2. But then 
four further equations on the derivatives have to be imposed, which generically do not 
intersect. 

This concludes the proof. No residual singularities survive after this toric blow-up of the 
original elliptic, I^-singular Calabi-Yau fourfold. 
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